
Ãëàâà III

Èíòåãðàëüíîå èñ÷èñëåíèå.

Ââåäåíèå.

Èíòåãðàëüíîå èñ÷èñëåíèå � âòîðàÿ ÷àñòü ìàòåìàòè÷åñêîãî àíàëèçà.

Ïîíÿòèå èíòåãðàëà, íàðÿäó ñ ïîíÿòèå ïðîèçâîäíîé, ÿâëÿåòñÿ ôóíäàìåí-

òàëüíûì ïîíÿòèåì ìàòåìàòè÷åñêîãî àíàëèçà.

Ýòî ïîíÿòèå âîçíèêëî, ñ îäíîé ñòîðîíû, èç ïîòðåáíîñòè ðåøàòü çà-

äà÷è íà âû÷èñëåíèå ïëîùàäè ôèãóðû, îáúåìà òåëà, ðàáîòû ïåðåìåííîé

ñèëû, íàõîæäåíèå öåíòðà òÿæåñòè ôèãóðû èëè òåëà è ò.ä. ñ äðóãîé � èç

íåîáõîäèìîñòè âîññòàíàâëèâàòü ôóíêöèè ïî èõ ïðîèçâîäíûì.

Â ñîîòâåòñòâèè ñ ýòèì âîçíèêëè ïîíÿòèÿ îïðåäåëåííîãî è íåîïðåäå-

ëåííîãî èíòåãðàëîâ.

Çàäà÷à äèôôåðåíöèàëüíîãî èñ÷èñëåíèÿ: ïî èçâåñòíîé ôóíêöèè íàéòè

åå ïðîèçâîäíóþ. Ïîñòàâèì îáðàòíóþ çàäà÷ó: ïî äàííîé ôóíêöèè f(x)

íàéòè òàêóþ ôóíêöèþ F (x), ÷òî F ′(x) = f(x). Îòûñêàíèå ôóíêöèè ïî

åå ïðîèçâîäíîé ÿâëÿåòñÿ îñíîâíîé çàäà÷åé èíòåãðàëüíîãî èñ÷èñëåíèÿ.

�1. Ïîíÿòèå íåîïðåäåëåííîãî èíòåãðàëà.

Ôóíêöèÿ F (x) íàçûâàåòñÿ ïåðâîîáðàçíîé äëÿ ôóíêöèè f(x) íà îòðåçêå

[a; b], åñëè äëÿ ëþáîãî x ∈ [a; b] ñïðàâåäëèâî óñëîâèå F ′(x) = f(x) èëè

dF (x) = f(x)dx.

Ïåðâîîáðàçíàÿ äëÿ ôóíêöèè îïðåäåëÿåòñÿ íåîäíîçíà÷íî. Íàïðèìåð,

(x2)′ = 2x, (x2 + 4)′ = 2x. Ñëåäîâàòåëüíî, ôóíêöèè x2 è x2 + 4 ÿâëÿþòñÿ

ïåðâîîáðàçíûìè äëÿ ôóíêöèè 2x.

Òåîðåìà 1.1. Åñëè ôóíêöèÿ F (x) � ïåðâîîáðàçíàÿ äëÿ f(x) íà îòðåçêå

[a; b], òî F (x) + C òàêæå ïåðâîîáðàçíàÿ äëÿ f(x) íà [a; b].

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ïåðâîîáðàçíîé F ′(x) = f(x) äëÿ âñåõ

x ∈ (a; b). Íî òîãäà è (F (x) + C)′ = f(x) íà [a; b]. Çíà÷èò, F (x) + C

òàêæå ïåðâîîáðàçíàÿ äëÿ f(x) íà [a; b].
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Òåîðåìà 1.2. Åñëè F (x) è G(x) � äâå ïåðâîîáðàçíûå äëÿ ôóíêöèè f(x)

íà îòðåçêå [a; b], òî G(x)− F (x) = C.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ïåðâîîáðàçíîé F ′(x) = f(x) è

G′(x) = f(x) íà [a; b]. Òîãäà (G(x) − F (x))′ = f(x) − f(x) = 0. Çíà-

÷èò, G(x)− F (x) = C ñîãëàñíî óñëîâèþ ïîñòîÿíñòâà ôóíêöèè.

Ñëåäñòâèå 1.3. Ëþáûå äâå ïåðâîîáðàçíûå ôóíêöèè f(x) íà îòðåçêå

[a; b] ñâÿçàíû ñîîòíîøåíèåì G(x) = F (x) + C.

Îïðåäåëåíèå 1.1. Ìíîæåñòâî âñåõ ïåðâîîáðàçíûõ äëÿ ôóíêöèè f(x)

íà îòðåçêå [a; b] íàçûâàåòñÿ íåîïðåäåëåííûì èíòåãðàëîì îò ôóíêöèè

f(x) íà ýòîì îòðåçêå.

∫
f(x)dx = F (x) + C (1.1)∫

� çíàê èíòåãðàëà, f(x) � ïîäèíòåãðàëüíàÿ ôóíêöèÿ, f(x)dx � ïîäèí-

òåãðàëüíîå âûðàæåíèå.

Çíàê
∫

(âûòÿíóòàÿ áóêâà S), ââåäåííûé Ëåéáíèöåì, ïðîèñõîäèò îò

ëàòèíñêîãî ñëîâà "Summa" (ñóììà), à òåðìèí èíòåãðàë, ââåäåííé ó÷å-

íèêîì Ëåéáíèöà ßêîáîì Áåðíóëëè, � îò ëàòèíñêîãî ñëîâà "integralis"

(öåëîñòíûé). Ïî äðóãîìó ïðåäïîëîæåíèþ, ßêîá Áåðíóëëè ïðîèçâåë òåð-

ìèí îò ëàòèíñêîãî ñëîâà "integro" (âîññòàíàâëèâàòü).

Íàõîæäåíèå ïåðâîîáðàçíîé (íåîïðåäåëåííîãî èíòåãðàëà) íàçûâàåòñÿ

èíòåãðèðîâàíèåì. Òàê êàê èíòåãðèðîâàíèå � äåéñòâèå îáðàòíîå äèô-

ôåðåíöèðîâàíèþ, òî ïðîâåðêó ïðàâèëüíîñòè âû÷èñëåíèÿ èíòåãðàëà îñó-

ùåñòâëÿþò, âû÷èñëÿÿ ïðîèçâîäíóþ îò íàéäåííîé ïåðâîîáðàçíîé.

Âîçíèêàåò âîïðîñ: äëÿ êàêèõ ôóíêöèé ñóùåñòâóåò ïåðâîîáðàçíàÿ? Ñïðà-

âåäëèâî óòâåðæäåíèå, ÷òî åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà íåêîòîðîì

ïðîìåæóòêå, òî äëÿ íåå íà ýòîì ïðîìåæóòêå ïåðâîîáðàçíàÿ ñóùå-

ñòâóåò.

Ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà.

1.
(∫

f(x)dx
)′

= f(x), d
(∫

f(x)dx
)

= f(x)dx;
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2.
∫

F ′(x)dx = F (x) + C,
∫

dF (x) = F (x) + C;

3.
∫

(f(x)± g(x))dx =
∫

f(x)dx±
∫

g(x)dx;

4.
∫

af(x)dx = a
∫

f(x)dx;

Âñå ñâîéñòâà äîêàçûâàþòñÿ, èñõîäÿ èç îïðåäåëåíèÿ íåîïðåäåëåííîãî

èíòåãðàëà.

Çàïèøåì òàáëèöó íåîïðåäåëåííûõ èíòåãðàëîâ.

1.
∫

1 dx = x + C;

2.
∫

xαdx = xα+1

α + 1 + C, åñëè α 6= −1;

3.
∫ dx

x = ln |x|+ C;

4.
∫

sin xdx = − cos x + C;

5.
∫

cos xdx = sin x + C;

6.
∫ dx

cos2 x
= tg x + C;

7.
∫ dx

sin2 x
= ctg x + C;

8.
∫

axdx = ax 1
ln a

+ C;

9.
∫

exdx = ex + C;

10.
∫ dx

1 + x2 =

{
arctg x + C

− arcctg x + C
;

11.
∫ dx√

1− x2
=

{
arcsin x + C

− arccos x + C
;

12.
∫ dx

a2 + x2 =

{
1
a arctg x

a + C

−1
a arcctg x

a + C
;

13.
∫ dx√

a2 − x2
=

{
arcsin x

a + C

− arccos x
a + C

;

14.
∫ dx√

x2 ± a2
= ln

(
x +

√
x2 ± a2

)
+ C;

15.
∫ dx

x2 − a2 = 1
2a ln

∣∣∣x− a
x + a

∣∣∣ + C;

16.
∫

sh xdx = ch x + C;

17.
∫

ch xdx = sh x + C.

Äëÿ ïðîâåðêè òðåòüåé ôîðìóëû ðàññìîòðèòå ñëó÷àè, êîãäà x > 0 è

x < 0.
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Ðàññìîòðèì ìåõàíè÷åñêèé ñìûñë íåîïðåäåëåííîãî èíòåãðàëà.

Ïóñòü çàäàí çàêîí çàâèñèìîñòè ñêîðîñòè ïðÿìîëèíåéíîãî äâèæåíèÿ

òåëà îò âðåìåíè v = v(t). Òðåáóåòñÿ íàéòè âåëè÷èíó ïóòè, ïðîéäåííîãî

òåëîì çà âðåìÿ t. Òàê êàê ñêîðîñòü òåëà v(t) = s′(t), òî çàäà÷à íàõî-

æäåíèÿ ïðîéäåííîãî ïóòè ñâîäèòñÿ ê çàäà÷å âû÷èñëåíèÿ ïåðâîîáðàçíîé

s(t) =
∫

f(t)dt + C. Åñëè ñ÷èòàòü, ÷òî ïðè t = 0 ïóòü s = 0, òî ìîæíî

îïðåäåëèòü êîíñòàíòó C.

Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ íåîïðåäåëåííîãî èíòåãðàëà ñâîäèòñÿ

ê ñëåäóþùåìó. Ñîîòíîøåíèå y′ = f(x) ïîêàçûâàåò, ÷òî ãðàôèê ïåðâî-

îáðàçíîé ôóíêöèè (èíòåãðàëüíàÿ êðèâàÿ) � ýòî êðèâàÿ, êàñàòåëüíàÿ ê

êîòîðîé ïðè ëþáîì çíà÷åíèè x èìååò íàïðàâëåíèå, îïðåäåëÿåìîå óãëî-

âûì êîýôôèöèåíòîì y′ = f(x). Èíûìè ñëîâàìè, ïî çàäàííîìó â êàæäîé

òî÷êå êðèâîé íàïðàâëåíèþ êàñàòåëüíîé ê êðèâîé, íàéòè ñàìó êðèâóþ.

Åñëè îäíà èíòåãðàëüíàÿ êðèâàÿ y = F (x) óæå ïîñòðîåíà, òî ëþáàÿ äðó-

ãàÿ êðèâàÿ, ïîëó÷åííàÿ ïàðàëëåëüíûì ïåðåíîñîì íà âåêòîð (0; C) òàêæå

áóäåò èíòåãðàëüíîé êðèâîé. Ñëåäîâàòåëüíî, óðàâíåíèå ñåìåéñòâà èíòå-

ãðàëüíûõ êðèâûõ èìååò âèä y = F (x) + C.

Äëÿ òîãî ÷òîáû âûäåëèòü îäíó èíòåãðàëüíóþ êðèâóþ, äîñòàòî÷íî çà-

äàòü íà íåé òî÷êó (x0; y0). Òîãäà y0 = F (x0)+C èëè C = y0−F (x0). Îêîí-

÷àòåëüíî óðàâíåíèå èñêîìîé èíòåãðàëüíîé êðèâîé èìååò âèä

y = F (x) + (y0 − F (x0)).

Íàõîæäåíèå ïåðâîîáðàçíûõ íå âñåãäà ïðîñòî. Äîêàçàíî, ÷òî ñóùåñòâó-

þò äîñòàòî÷íî ïðîñòûå ýëåìåíòàðíûå ôóíêöèè, èíòåãðàëû îò êîòîðûõ â

ýëåìåíòàðíûõ ôóíêöèÿõ íå âûðàæàþòñÿ. Íàïðèìåð,
∫ sin x

x dx � èíòå-

ãðàëüíûé ñèíóñ,
∫ cos x

x dx � èíòåãðàëüíûé êîñèíóñ,
∫ dx

ln x
� èíòåãðàëü-

íûé ëîãàðèôì,
∫

e−x2

dx è äðóãèå. Äîêàçàòåëüñòâî ýòèõ óòâåðæäåíèé äî-

ñòàòî÷íî ñëîæíî è âûõîäèò çà ðàìêè ÷èòàåìîãî êóðñà.
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�2. Ìåòîäû èíòåãðèðîâàíèÿ.

I. Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå âûïîëíÿåòñÿ òîãäà, êîãäà

èíòåãðàë ïðè ïîìîùè àëãåáðàè÷åñêèõ ïðåîáðàçîâàíèé ñâîäèòñÿ ê ñóììå

òàáëè÷íûõ èíòåãðàëîâ.

II. Âíåñåíèå ôóíêöèè ïîä çíàê ôèôôåðåíöèàëà. Ïóñòü x �

íåçàâèñèìàÿ ïåðåìåííàÿ è
∫

f(x)dx = F (x) + C. Ïóñòü â èíòåãðàëå∫
g(x)dx ïîäèíòåãðàëüíîå âûðàæåíèå ìîæíî ïðåäñòàâèòü â âèäå g(x)dx =

f(u)du, ãäå u = u(x)� íåêîòîðàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ è
∫

f(u)du

ÿâëÿåòñÿ òàáëè÷íûì. Òîãäà ñëîæíàÿ ôóíêöèÿ F (u(x)) áóäåò ïåðâîîáðàç-

íîé äëÿ ïîäèíòåãðàëüíîé ôóíêöèè. Â ñàìîì äåëå, òàê êàê

g(x)dx = f(u(x))u′(x)dx = f(u)du, òî

(F (u(x)))′x = F ′
u(u(x)) · u′(x) = f ′(u(x))u′(x) = g(x).

Òàêèì îáðàçîì,∫
g(x)dx =

∫
f(u(x))u′(x)dx = (F (u(x)) + C. (2.1)

Ýòîò ïðèåì íàçûâàåòñÿ ïîäâåäåíèåì ôóíêöèè ïîä çíàê äèôôåðåíöèàëà.

Äëÿ îâëàäåíèÿ ýòèì ïðèåìîì íóæíî õîðîøåå çíàíèå òàáëèöû ïðîèç-

âîäíûõ è óìåíèå ïðèìåíÿòü åå â îáå ñòîðîíû, òî åñòü â ïîäèíòåãðàëüíîì

âûðàæåíèè íàõîäèòü ôóíêöèþ è åå ïðîèçâîäíóþ.

×àñòíûé ñëó÷àé ôîðìóëû ïîäâåäåíèÿ ïîä çíàê äèôôåðåíöèàëà � ëè-

íåéíàÿ çàâèñèìîñòü àðãóìåíòà.∫
f(ax + b)dx =

1

a
F (ax + b) + C. (2.2)

III. Ìåòîä ïîäñòàíîâêè.
∫

f(x)dx ìîæíî óïðîñòèòü, åñëè ñ÷èòàòü

÷òî x = ϕ(t), ãäå ϕ(t) � íåêîòîðàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Òîãäà∫
f(x)dx =

∫
f(ϕ(t))ϕ′(t)dt è â ïðàâîé ÷àñòè ñòîèò òàáëè÷íûé èíòåãðàë.

Äëÿ äîêàçàòåëüñòâà ýòîé ôîðìóëû íàéäåì ïðîèçâîäíûå ïî t îò ïðà-

âîé è ëåâîé ÷àñòåé ðàâåíñòâà. Èìååì(∫
f(x)dx

)′
t
=

(∫
f(x)dx

)′
x
· x′(t) = f(x) · x′(t).(∫

f(ϕ(t))ϕ′(t)dt
)′
t
= f(ϕ(t))ϕ′(t) = f(x)x′(t).

5



Âûðàæåíèÿ
∫

f(x)dx è
∫

f(ϕ(t))ϕ′(t)dt ÿâëÿþòñÿ ïåðâîîáðàçíûìè äëÿ

îäíîé è òîé æå ôóíêöèè, à çíà÷èò, ïî òåîðåìå 1.2 íåîïðåäåëåííûå èíòå-

ãðàëû îò ñîâïàäàþò. Èòàê,∫
f(x)dx =

∫
f(ϕ(t))ϕ′(t)dt. (2.3)

IV.Èíòåãðèðîâàíèå ïî ÷àñòÿì. Ïóñòü u(x) è v(x) � äâå äèôôåðåí-

öèðóåìûå ôóíêöèè. Òîãäà d(u·x) = u·dv+v ·du èëè u·dv = d(u·v)−v ·du.

Ñëåäîâàòåëüíî, ∫
u · dv = u · v −

∫
v · du. (2.4)

Ôîðìóëà (2.4) íàçûâàåòñÿ ôîðìóëîé èíòåãðèðîâàíèÿ ïî ÷àñòÿì.

Ïðèìåð 2.1. Âû÷èñëèòå èíòåãðàë
∫ x3 − 2x2 + 1 +

√
x

x dx.

Ðåøåíèå . Ïîäåëèì ïî÷ëåííî ÷èñëèòåëü íà çíàìåíàòåëü è ïîëó÷èì ñóì-

ìó òàáëè÷íûõ èíòåãðàëîâ
∫ (

x2 − 2x + 1− 1√
x

)
dx =

∫
x2dx−2

∫
xdx+∫ dx

x +
∫

x−1/2dx = x3

3 − x2 + ln x + 2
√

x + C.

Ïðèìåð 2.2. Âû÷èñëèòå èíòåãðàë
∫ √

2x + 1 dx.

Ðåøåíèå .
∫ √

2x + 1 dx = 1
2

∫ √
2x + 1 d(2x + 1) = 1

2 ·
2
32x + 13/2 + C =

1
3

√
(2x + 1)3 + C.

Ïðèìåð 2.3. Âû÷èñëèòå èíòåãðàë
∫

x2
√

x3 + 4 dx.

Ðåøåíèå .
∫

x2
√

x3 + 4 dx = 1
3

∫ √
x3 + 4 d(x3 + 4) =

= 1
3

∫
(x3 + 4)1/2d(x3 + 1) = 1

3 ·
2
3(x3 + 4)3/2 + C = 2

9

√
(x3 + 4)3 + C.

Ïðèìåð 2.4. Âû÷èñëèòå èíòåãðàë
∫ sin x

cos6 x
dx.

Ðåøåíèå .
∫ sin x

cos6 x
dx = −

∫
cos−6 x · d(cos x) = −1

5

√
cos−5 x + C.

Ïðèìåð 2.5. Âû÷èñëèòå èíòåãðàë
∫ 1

a2 + x2 dx.

Ðåøåíèå .
∫ dx

a2 + x2 =
∫ 1

a2
dx

1 +
(x

a

)2 = 1
a

∫ d
(x

a

)
1 +

(x

a

)2 = 1
a arctg x

a + C.

6



Ïðèìåð 2.6. Âû÷èñëèòå èíòåãðàë
∫ dx√

a2 − x2
(a > 0).

Ðåøåíèå .
∫ dx√

a2 − x2
=

∫ d
(x

a

)
√

1−
(x

a

)2
= arcsin x

a + C.

Â ïðèìåðàõ 2.5 è 2.6, âûâåëè ôîðìóëû òàáëè÷íûõ èíòåãðàëîâ 12 è 13.

Ïðèìåð 2.7. Âû÷èñëèòå èíòåãðàë
∫ √

1− x2 dx.

Ðåøåíèå . Ïóñòü x = sin t, òîãäà dx = cos tdt. Èìååì∫ √
1− x2 dx =

∫
cos2 t dt =

∫ 1 + cos 2t
2 dt = 1

2

(∫
dt +

∫
cos 2t dt

)
= 1

2t+

1
4 sin 2t+C = arcsin x

2 + x
√

1− x2

2 +C. (Èç ôîðìóëû çàìåíû ïåðåìåííîé

x = sin t ñëeäóåò, ÷òî t = arcsin x. Êðîìå òîãî sin 2t = 2 sin t cos t =

2 sin t
√

1− sin2 t = 2x
√

1− x2.)

Ïðèìåð 2.8. Âû÷èñëèòå èíòåãðàë
∫

x ln x dx.

Ðåøåíèå . Ýòîò èíòåãðàë áóäåì áðàòü ïî ÷àñòÿì.

Ïóñòü u = ln x, dv = xdx. Òîãäà du = dx
x , v =

∫
xdx = x2

2 . Èìååì∫
x ln xdx = x2

2 ln x−
∫ x2

2x dx = x2

2 ln x−
∫ x

2 dx = x2

2 ln x− x2

4 + C.

Ïðèìåð 2.9. Âû÷èñëèòå èíòåãðàë
∫

sin 2x dx ðàçëè÷íûìè ñïîñîáàìè.

Ðåøåíèå . 1) Ïî ôîðìóëå (2.2) èìååì∫
sin 2x dx = 1

2

∫
sin 2x d(2x) = 1

2 cos 2x + C.

Âû÷èñëèì èíòåãðàë, âíîñÿ ïîä çíàê äèôôåðåíöèàëà ðàçíûå ôóíêöèè,

ñíà÷àëà sin x, à ïîòîì cos x.

2)
∫

sin 2x dx =
∫

2 sin x cos x dx = 2
∫

sin x d(sin x) = sin2 x + C.

3)
∫

sin 2x dx =
∫

2 sin x cos x dx = −2
∫

cos x d(cos x) = − cos2 x + C.

Ïðèðàâíÿâ ïðàâûå ÷àñòè ðàâåíñòâ 2 è 3, ïîëó÷èì sin2 x + cos2 x = 0,

÷òî ïðîòèâîðå÷èò îñíîâíîìó òðèãîíîìåòðè÷åñêîìó òîæäåñòâó. Íàéäèòå

îøèáêó â ðàññóæäåíèÿõ. Äîêàæèòå, ÷òî âñå ïåðâîîáðàçíûå îòëè÷àþòñÿ

äðóã îò äðóãà òîëüêî íà êîíñòàíòó.

Ïðèìåð 2.10. Âû÷èñëèòå èíòåãðàëû
∫

eax sin bx dx è
∫

eax cos bx dx.

7



Ðåøåíèå . Ýòè èíòåãðàëû öèêëè÷åñêèå. Âçÿâ èíòåãðàë äâàæäû ïî ÷à-

ñòÿì, ïðèäåì ê óðàâíåíèþ îòíîñèòåëüíî ýòîãî èíòåãðàëà.

Îáîçíà÷èì
∫

eax sin bx dx = I. Èíòåãðèðóåì ïî ÷àñòÿì.

Ïóñòü u = sin bx, dv = eaxdx. Òîãäà du = b cos bx dx, v = 1
aeax. Èìååì

I = 1
aeax sin bx− b

a
∫

eax cos bx dx.

Ñíîâà èíòåãðèðóåì ïî ÷àñòÿì. Ïóñòü u1 = cos bx, dv1 = eaxdx. Òîãäà

du1 = −b sin bx dx, v1 = 1
aeax. Èìååì

I = 1
aeax sin bx− b

a

(
1
aeax cos bx + b

a
∫

eax sin bx dx
)
èëè

I = 1
aeax sin bx− b

a2e
ax cos bx− b2

a2I.

Ðåøàÿ ýòî óðàâíåíèå îòíîñèòåëüíî I, íàéäåì èíòåãðàë.∫
eax sin bx dx =

a sin bx− b cos bx

a2 + b2 eax + C.

Àíàëîãè÷íî âûâîäèòñÿ ôîðìóëà∫
eax cos bx dx =

a cos bx + b sin bx

a2 + b2 eax + C.

Ïðèìåð 2.11. Âû÷èñëèòå èíòåãðàë
∫ √

x2 + a2 dx.

Ðåøåíèå . Îáîçíà÷èì
∫ √

x2 + a2 dx = I. Èíòåãðèðóåì ïî ÷àñòÿì. Ïóñòü

u =
√

x2 + a2, dv = dx. Òîãäà du = x dx√
x2 + a2

, v = x. Èìååì∫ √
x2 + a2 dx = x

√
x2 + a2 −

∫ x2 dx√
x2 + a2

= x
√

x2 + a2−

−
∫ (x2 + a2 − a2) dx√

x2 + a2
= x

√
x2 + a2 −

∫ (√
x2 + a2 − a2√

x2 + a2

)
dx.

Òàêèì îáðàçîì, I = x
√

x2 + a2 − I + a2 ln
(
x +

√
x2 + a2

)
.

Ðåøàÿ ýòî óðàâíåíèå îòíîñèòåëüíî I, íàéäåì èíòåãðàë.∫ √
x2 + a2 dx =

1

2

(
x
√

x2 + a2 + a2 ln
(
x +

√
x2 + a2

))
+ C.

Çàäàíèå 2.1. Âû÷èñëèòå èíòåãðàëû

à)
∫ x3 − 3xex +

√
x

x dx; á)
∫ cos 2x

sin2 x cos2 x
dx; â)

∫
ctg2 x dx.

Çàäàíèå 2.2. Âû÷èñëèòå èíòåãðàëû

à)
∫ √

3x + 2 dx; á)
∫

x2
√

x3 + 5 dx; â)
∫

(x2 − 2x) 3
√

x3 − 3x2 + 1 dx.
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Çàäàíèå 2.3. Âû÷èñëèòå èíòåãðàëû

à)
∫ x2 + 2x√

x3 + 3x2 + 1
dx; á)

∫ 3x5 − 6x3 + 5x√
x6 − 3x4 + 5x2 − 7

dx; â)
∫

e4x dx.

Çàäàíèå 2.4. Âû÷èñëèòå èíòåãðàëû

à)
∫

xex2+3 dx; á)
∫

(x2 − 4x + 1)ex3−6x2+3x−5 dx; â)
∫ ln3 x + 5x2

x dx.

Çàäàíèå 2.5. Âû÷èñëèòå èíòåãðàëû

à)
∫ sin x

cos7 x
dx; á)

∫ cos x√
sin5 x

dx; â)
∫ sin 2x

cos4 2x
dx; ã)

∫ tg3 x + 1
cos2 x

dx.

Çàäàíèå 2.6. Âû÷èñëèòå èíòåãðàëû

à)
∫ x + x3

x4 + 4
dx; á)

∫ 5x + arctg3 x
x2 + 1

dx; â)
∫ e3x√

1− e6x
dx.

Çàäàíèå 2.7. Âû÷èñëèòå èíòåãðàëû

à)
∫ 5x + 2√

2x− 3
dx; á)

∫ 16 ln2 x
4
√

x5
dx; â)

∫ x3

3
√

x4 + 1
dx; ã)

∫ ln3 x
x dx.

Çàäàíèå 2.8. Âû÷èñëèòå èíòåãðàëû

à)
∫

sin x
√

cos3 x dx; á)
∫ sin3 x

cos x dx; â)
∫

sin3 x cos4 x dx.

Çàäàíèå 2.9. Âû÷èñëèòå èíòåãðàëû

à)
∫ x + 4

x2 + 1
dx; á)

∫ x− 1√
4x + 3

dx; â)
∫ 6x3 + 5x

x4 + 1
dx; ã)

∫ 2x + 3√
1− x2

dx.

Çàäàíèå 2.10. Âû÷èñëèòå èíòåãðàëû

à)
∫

x sin 2x dx; á)
∫

x2ex dx; â)
∫

ln(x2 + 1) dx; ã)
∫

x cos 2x dx.

Çàäàíèå 2.11. Âû÷èñëèòå èíòåãðàëû

à)
∫

8x
√

2x + 5 dx; á)
∫ ln x

x3 dx; â)
∫

x arctg x dx; ã)
∫

x2 ln(x+3) dx.

Çàäàíèå 2.12. Âû÷èñëèòå èíòåãðàëû

à)
∫

(x2 − 4x)e2x dx; á)
∫

ex+lnx dx; â)
∫ 3x + 4 arccos x√

4− x2
dx.

�3. Èíòåãðèðîâàíèå ðàöèîíàëüíûõ ôóíêöèé.

Ñàìûé âàæíûé êëàññ ôóíêöèé, èíòåãðàëû îò êîòîðûõ âûðàæàþòñÿ

â ýëåìåíòàðíûõ ôóíêöèÿõ, ýòî äðîáíî-ðàöèîíàëüíûå ôóíêöèè

f(x) =
P (x)
Q(x)

=
a0x

m + a1x
m−1 + . . . + am−1x + am

b0x
n + b1x

n−1 + . . . + bn−1x + bn
.
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Áóäåì ñ÷èòàòü, ÷òî äðîáü
P (x)
Q(x)

� ïðàâèëüíàÿ. Äðîáü
P (x)
Q(x)

íàçûâà-

åòñÿ ïðàâèëüíîé, åñëè ñòåïåíü ÷èñëèòåëÿ ìåíüøå ñòåïåíè çíàìåíàòåëÿ

(m < n). Åñëè äðîáü íåïðàâèëüíàÿ, òî ðàçäåëèâ ñòîëáèêîì ÷èñëèòåëü íà

çíàìåíàòåëü, âûäåëèì öåëóþ ÷àñòü è ïðàâèëüíóþ äðîáü.

Èíòåãðèðîâàíèå ïðàâèëüíûõ äðîáåé îñíîâàíî íà ñëåäóþùåé òåîðåìå.

Òåîðåìà 3.1. Êàæäàÿ ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü ìîæåò áûòü

ïðåäñòàâëåíà, ïðè÷åì åäèíñòâåííûì ñïîñîáîì, â âèäå ñóììû êîíå÷íîãî

÷èñëà ïðîñòûõ äðîáåé ñëåäóþùèõ ÷åòûðåõ òèïîâ: I. A
x− a;

II. B
(x− a)k ; III. Mx + n

x2 + px + q
; IV. Mx + n

(x2 + px + q)l , ãäå x2+px+q > 0 äëÿ

âñåõ x ∈ R (êâàäðàòíûé òðåõ÷ëåí íå èìååò äåéñòâèòåëüíûõ êîðíåé).

Èç àëãåáðû èçâåñòíî, ÷òî ëþáîé ìíîãî÷ëåí ñòåïåíè n > 2 åäèíñòâåí-

íûì îáðàçîì ðàçëàãàåòñÿ â ïðîèçâåäåíèå ëèíåéíûõ ìíîæèòåëåé è êâàä-

ðàòíûõ òðåõ÷ëåíîâ ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè, íå èìåþùèõ

äåéñòâèòåëüíûõ êîðíåé.

Q(x) = b0(x− a1)
k1 . . . (x− as)

ks(x2 + p1x + q1)
l1 . . . (x2 + prx + qr)

lr ,

ãäå k1 + . . . + ks + l1 . . . + lr
2 = n.

Åñëè x = a � ïðîñòîé êîðåíü ìíîãî÷ëåíà Q(x), òî â ðàçëîæåíèè
P (x)
Q(x)

íà ïðîñòûå äðîáè åìó ñîîòâåòñòâóåò îäíà ïðîñòàÿ äðîáü A
x− a .

Åñëè x = a � êîðåíü êðàòíîñòè k (k > 2) ìíîãî÷ëåíà Q(x), òî åìó â

ðàçëîæåíèè ñîîòâåòñòâóåò ñóììà k ïðîñòûõ äðîáåé
A1

x− a + A2
(x− a)2 + . . . + Ak

(x− a)k .

Äëÿ ðàçëîæåíèÿ íà ïðîñòûå äðîáè ïðàâèëüíîé ðàöèîíàëüíîé äðîáè
P (x)
G(x)

, çíàìåíàòåëü êîòîðîé ðàñêëàäûâàåòñÿ â ïðîèçâåäåíèå ëèíåéíûõ

ìíîæèòåëåé G(x) = (x − a1)(x − a2) . . . (x − an), ãäå âñå a1, a2, . . . , an

ðàçëè÷íû, ìîæíî ïðèìåíèòü ôîðìóëó

P (x)

G(x)
=

n∑
k=1

P (ak)

G′(ak)(x− ak)
.

Ýòà ôîðìóëà íàçûâàåòñÿ ôîðìóëîé Ëàãðàíæà.
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Åñëè ìíîæèòåëü x2 + px + q â ðàçëîæåíèè Q(x) íà ìíîæèòåëè èìååò

ïåðâóþ ñòåïåíü, òî åìó ñîîòâåòñòâóåò îäíà äðîáü âèäà Mx + N
x2 + px + q

.

Åñëè ìíîæèòåëü x2 + px + q èìååò ñòåïåíü l (l > 2), òî åìó ñîîòâåò-

ñòâóåò ñóììà M1x + N1
x2 + px + q

+ M2x + N2
(x2 + px + q)2 + . . . + Mlx + Nl

(x2 + px + q)l .

Ðàññìîòðèì èíòåãðèðîâàíèå ïðîñòûõ äðîáåé.

I.
∫ A

x− a dx =
∫ A

x− a d(x− a) = A ln |x− a|+ C.

II. Åñëè k 6= 1, òî
∫ Adx

(x− a)k = A
∫

(x−a)−kdx = A
1− k

· 1
(x− a)k−1 +C.

III. Äëÿ âû÷èñëåíèÿ èíòåãðàëà
∫ Mx + N

x2 + px + q
dx âûäåëèì â çíàìå-

íàòåëå ïîëíûé êâàäðàò x2 + px + q =
(
x +

p
2

)2
+ q − p2

4 . Òàê êàê

4q − p2

4 = −D
4 > 0 (D � äèñêðèìèíàíò êâàäðàòíîãî òðåõ÷ëåíà) îáî-

çíà÷èì 4q − p2

4 = a2. Ââåäåì íîâóþ ïåðåìåííóþ t = x +
p
2 . Ïîëó÷èì∫ Mx + N

x2 + px + q
dx =

∫ M
(
t− p

2

)
+ N

t2 + a2 dt =
∫ Mt

t2 + a2 dt +
∫ N − Mp

2
t2 + a2 dt =

= M
2

∫ d(t2 + a2)
t2 + a2 +

(
N − Mp

2

) ∫ dt
t2 + a2 = M

2 ln(t2 + a2)+

+
(

2N −Mp
2a

)
arctg t

a + C.

Âîçâðàùàÿñü ê ïåðåìåííîé x, ïîëó÷èì

∫ Mx + N
x2 + px + q

dx = M
2 ln(x2 + px + q) +

2N −Mp√
4q − p2

arctg
2x + p√
4q − p2

+ C.

IV. Èíòåãðàë ÷åòâåðòîãî òèïà íàõîäèòñÿ ñ èñïîëüçîâàíèåì ðåêêóðåíò-

íûõ ôîðìóë. Èìååì
∫ Mx + N

(x2 + px + q)l dx = M
2

∫ 2x + p
(x2 + px + q)l dx +

+
(
N − Mp

2

) ∫ dx
(x2 + px + q)l dx = M

2 · 1
1− l

· 1
(x2 + px + q)l−1 +

+
(
N − Mp

2

)
Il, ãäå èíòåãðàë Il âû÷èñëÿåòñÿ ïî ðåêêóðåíòíîé ôîðìóëå

Il =
∫ dx

(x2 + px + q)l dx =
x +

p

2

2(l − 1)

(
q − p2

4

)
(x2 + px + q)l

+
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+ 2l − 3

(2(l − 1)

(
q − p2

4

) · Il−1.

Òàêèì îáðàçîì, èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè åñòü ýëåìåíòàð-

íàÿ ôóíêöèÿ, âûðàæåííàÿ ÷åðåç ðàöèîíàëüíûå ôóíêöèè, ëîãàðèôìû è

àðêòàíãåíñû.

Èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè íàõîäèòñÿ ïî ñëåäóþùåìó àëãî-

ðèòìó:

1. Åñëè äðîáü íåïðàâèëüíàÿ, òî âûäåëÿåì öåëóþ ÷àñòü;

2. Ïðàâèëüíóþ äðîáü ïðåäñòàâëÿåì â âèäå ñóììû ïðîñòûõ äðîáåé ñ

íåîïðåäåëåííûìè êîýôôèöèåíòàìè. Äëÿ ýòîãî çíàìåíàòåëü ðàñêëàäûâà-

åì íà ëèíåéíûå è êâàäðàòè÷íûå (íå èìåþùèå äåéñòâèòåëüíûõ êîðíåé)

ìíîæèòåëè;

3. Ïðèâîäèì äðîáè ê îáùåìó çíàìåíàòåëþ. Èç ðàâåíñòâà äðîáåé è ðàâåí-

ñòâà èõ çíàìåíàòåëåé ñëåäóåò ðàâåíñòâî èõ ÷èñëèòåëåé. Ïðèðàâíèâàåì

÷èñëèòåëè èñõîäíîé è ïîëó÷èâøåéñÿ ïîñëå ïðèâåäåíèÿ ê îáùåìó çíàìå-

íàòåëþ äðîáè;

4. Íàõîäèì íåîïðåäåëåííûå êîýôôèöèåíòû, ñ êîòîðûìè äðîáè âõîäÿò â

ðàçëîæåíèå, ïðèìåíÿÿ äëÿ ýòîãî ïîíÿòèÿ ðàâåíñòâà ìíîãî÷ëåíîâ;

5. Âû÷èñëÿåì èíòåãðàë îò ñóììû ïðîñòûõ äðîáåé.

Ïðèìåð 3.1. Âû÷èñëèòå èíòåãðàë
∫ 2x2 − x + 3

x3 + 2x2 − 3x
dx.

Ðåøåíèå . Òàê êàê äðîáü ïðàâèëüíàÿ, òî ðàçëîæèì çíàìåíàòåëü íà ìíî-

æèòåëè, ïðåäñòàâèì äðîáü â âèäå ñóììû ïðîñòûõ äðîáåé è ïðèâåäåì ê

îáùåìó çíàìåíàòåëþ:
2x2 − x + 3

x3 + 2x2 − 3x
= A

x + B
x− 1 + C

x + 3 ;

2x2 − x + 3
x3 + 2x2 − 3x

=
A(x− 1)(x + 3) + Bx(x + 3) + Cx(x− 1)

x(x− 1)(x + 3)
.

Ïðèðàâíÿåì ÷èñëèòåëè èñõîäíîé è ïîëó÷èâøåéñÿ äðîáåé:

A(x− 1)(x + 3) + Bx(x + 3) + Cx(x− 1) = 2x2 − x + 3.

Íåîïðåäåëåííûå êîýôôèöèåíòû íàéäåì òðåìÿ ñïîñîáàìè.

a) Ïðèìåíèì ïîíÿòèå ðàâåíñòâà ìíîãî÷ëåíîâ â ôóíêöèîíàëüíîé ôîð-
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ìå: äâà ìíîãî÷ëåíà ðàâíû, åñëè èõ çíà÷åíèÿ ñîâïàäàþò ïðè îäèíàêîâûõ

çíà÷åíèÿõ x.

Ïóñòü x = 0, òîãäà −3A = 3 è A = −1;

Ïóñòü x = 1, òîãäà 4B = 4 è B = 1;

Ïóñòü x = −3, òîãäà 12C = 24 è C = 2.

b) Ïðèìåíèì ïîíÿòèå ðàâåíñòâà ìíîãî÷ëåíîâ â àëãåáðàè÷åñêîé ôîð-

ìå: äâà ìíîãî÷ëåíà ðàâíû, åñëè êîýôôèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ

x ñîâïàäàþò. Ðàñêðîåì ñêîáêè è ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíà-

êîâûõ ñòåïåíÿõ x.

A(x2 − 2x− 3) + B(x2 + 3x) + C(x2 − x) = 2x2 − x + 3;

(A + B + C)x2 + (−2A + 3B − C)x− 3A = 2x2 − x + 3;
A + B + C = 2

−2A + 3B − C = −1

−2A = 2

;


A = −1

B = 1

C = 2

.

c) Ïðèìåíèì ôîðìóëó Ëàãðàíæà. Â íàøåì ñëó÷àå P (x) = 2x2−x+3,

G(x) = x3 + 2x2 − 3x = x(x − 1)(x + 3), G′(x) = 3x2 + 4x − 3. Òîãäà
2x2 − x + 3

x3 + 2x2 − 3x
= 2x2 − x + 3

x(x− 1)(x + 3)
=

P (0)
G′(0)x

+
P (1)

G′(1)(x− 1)
+

P (−3)
G′(−3)(x + 3)

=

3
−3x + 2− 1 + 3

(3 + 4− 3)(x− 1)
+ 18 + 3 + 3

(27− 12− 3)(x + 2)
= −1

x + 1
x− 1 + 2

x + 3 .

Ïîäñòàâèì íàéäåííûå êîýôôèöèåíòû â ôîðìóëó ñóììû ïðîñòûõ äðî-

áåé è âû÷èñëèì èíòåãðàë, êàê ñóììó òàáëè÷íûõ èíòåãðàëîâ∫ 2x2 − x + 3
x3 − 2x2 − 3x

dx =
∫ (

−1
x + 1

x− 1 + 2
x + 3

)
dx = −

∫ dx
x +

∫ dx
x− 1 +

+ 2
∫ dx

x + 3 = − ln |x|+ ln |x− 1|+ 2 ln |x + 3|+ C.

Ïðèìåð 3.2. Âû÷èñëèòå èíòåãðàë
∫ x3 − 2x2 − 2x + 9

x2 + x− 2
dx.

Ðåøåíèå . Äðîáü x3 − 2x2 − 2x + 9
x2 + x− 2

� íåïðàâèëüíàÿ, òàê êàê ñòåïåíü

÷èñëèòåëÿ áîëüøå ñòåïåíè çíàìåíàòåëÿ. Âûäåëèì öåëóþ ÷àñòü äðîáè,

ðàçäåëèâ ñòîëáèêîì ÷èñëèòåëü íà çíàìåíàòåëü.
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x3 − 2x2 − 2x + 9 x2 + x− 2

x3 + x2 − 2x x− 3

−3x2 + 9

−3x2 − 3x + 6

3x + 3

Ïîëó÷èâøóþñÿ ïîñëå äåëåíèÿ ïðàâèëüíóþ äðîáü ðàçëîæèì íà ïðîñòûå
3x + 3

(x− 1)(x + 2)
= A

x− 1 + B
x + 2 =

A(x + 2) + B(x− 1)
(x− 1)(x + 2)

è ïðèâåäåì äðîáè ê îáùåìó çíàìåíàòåëþ

A(x + 2) + B(x− 1) = 3x + 3.

Èç ýòîãî ðàâåíñòâà íàõîäèì, ÷òî A = 2, B = 1.

Òîãäà
∫ x3 − 2x2 − 2x + 9

x2 + x− 2
dx =

∫ (
x− 3 + 3x + 3

(x− 1)(x + 2)

)
dx =

=
∫ (

x− 3 + 2
x− 1 + 1

x + 2

)
dx = x2

2 − 3x + 2 ln |x− 1|+ ln |x + 2|+ C.

Ïðèìåð 3.3. Âû÷èñëèòå èíòåãðàë
∫ x− 6

x3 − 2x2 dx.

Ðåøåíèå . Ïðàâèëüíóþ äðîáü ðàçëîæèì íà ïðîñòûå
x− 6

x3 − 2x2 = A
x + B

x2 + C
x− 2 .

Ïðèâåäåì äðîáè ê îáùåìó çíàìåíàòåëþ è, ïðèðàâíÿâ ÷èñëèòåëè, íàéäåì

íåèçâåñòíûå êîýôôèöèåíòû

Ax(x− 2) + B(x− 2) + Cx2 = x− 6.

Ïóñòü x = 0, òîãäà −2B = −6 è B = 3;

Ïóñòü x = 2, òîãäà 4C = −4 è C = −1;

Ïóñòü x = 1, òîãäà −A−B + C = −5 è A = 1.

Òîãäà
∫ x− 6

x3 − 2x2 dx =
∫ (

1
x + 3

x2 − 1
x− 2

)
dx = −3

x+ln |x|−ln |x−2|+C.

Ïðèìåð 3.4. Âû÷èñëèòå èíòåãðàë
∫ x2 − 6x + 14

(x− 2)(x2 − 2x + 2)
dx.

Ðåøåíèå . Êâàäðàòíûé òðåõ÷ëåí x2 − 2x + 2 íå èìååò äåéñòâèòåëüíûõ

êîðíåé, ïîýòîìó âûäåëèì â íåì ïîëíûé êâàäðàò x2−2x+2 = (x−1)2+1.

Ðàçëîæèì ïðàâèëüíóþ äðîáü íà ïðîñòûå.
x2 − 6x + 14

(x− 2)(x2 − 2x + 2)
= A

x− 2 +
M(x− 1) + N
(x− 1)2 + 1

.
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Ïðèâåäåì äðîáè ê îáùåìó çíàìåíàòåëþ è, ïðèðàâíÿâ ÷èñëèòåëè, íàéäåì

íåèçâåñòíûå êîýôôèöèåíòû

A(x2 − 2x + 2) + M(x− 1)(x− 2) + N(x− 2) = x2 − 6x + 14,

(A + M)x2 + (−2A− 3M + N)x + (2A + 2M − 2N) = x2 − 6x + 14

Ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x.
A + M = 1

−2A + 2M + N = −6

2A + 2M − 2N = 14


A = 3

M = −2

N = −6

.

Òîãäà
∫ x2 − 6x + 14

(x− 2)(x2 − 2x + 2)
dx =

∫ 3
x− 2 dx +

∫ 2(x− 1)
(x− 1)2 + 1

dx−

−
∫ 6

(x− 1)2 + 1
dx = 3 ln |x− 2|+ ln(x2 − 2x + 2)− 6 arctg(x− 1) + C.

Çàäàíèå 3.1. Âû÷èñëèòå èíòåãðàëû

à)
∫ x + 2

x2 − 2x− 8
dx; á)

∫ x2 − 2x + 4
(x + 2)(x2 − 3x + 2)

dx.

Çàäàíèå 3.2. Âû÷èñëèòå èíòåãðàëû

à)
∫ x3 − 5x2 + 7x− 6

x2 − 5x + 4
dx; á)

∫ x− 6
x2 − 4x + 13

dx.

Çàäàíèå 3.3. Âû÷èñëèòå èíòåãðàëû

à)
∫ x + 10

x2 − 4x− 12
dx; á)

∫ x2 − 18x + 5
x2(x2 − 4x + 3)

dx.

Çàäàíèå 3.4. Âû÷èñëèòå èíòåãðàëû

à)
∫ 2x2 + 6x− 32

(x− 4)(x2 + 4x + 3)
dx; á)

∫ 5x + 1
(x− 3)(x + 1)2 dx.

Çàäàíèå 3.5. Âû÷èñëèòå èíòåãðàëû

à)
∫ x2 + x + 2

(x− 2)2(x + 1)
dx; á)

∫ x2 − 3x + 8
(x− 1)2(x + 2)

dx.

Çàäàíèå 3.6. Âû÷èñëèòå èíòåãðàëû

à)
∫ 2x2 + 3x + 4

(x + 2)2(x− 1)
dx; á)

∫ x3 + 2x2 − 10x− 11
(x− 1)2(x + 2)2 dx.

Çàäàíèå 3.7. Âû÷èñëèòå èíòåãðàëû

à)
∫ 4x2 − 2x− 3

x4 − 3x3 dx; á)
∫ 8

x4 − x2 dx.

Çàäàíèå 3.8. Âû÷èñëèòå èíòåãðàëû

à)
∫ 10x− 8

(x− 4)(x2 + 16)
dx; á)

∫ 7− 11x
(x + 3)(x2 − 2x + 5)

dx.
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Çàäàíèå 3.9. Âû÷èñëèòå èíòåãðàëû

à)
∫ x2 + 15x + 26

(x− 2)(x2 + 4x + 8)
dx; á)

∫ 2x2 − 2x− 3
x4 + x2 dx.

Çàäàíèå 3.10. Âû÷èñëèòå èíòåãðàëû

à)
∫ 7x− 5

x3 − 4x2 + 5x
dx; á)

∫ 11x + 7
(x− 3)(x2 + 2x + 5)

dx.

Çàäàíèå 3.11. Âû÷èñëèòå èíòåãðàëû

à)
∫ −x2 + 25x− 57

(x + 2)(x2 − 8x + 17)
dx; á)

∫ 16
(x2 + 1)(x2 + x)

dx.

Çàäàíèå 3.12. Âû÷èñëèòå èíòåãðàëû

à)
∫ x3 + 2x2 − 4x− 13

x2 − x− 6
dx; á)

∫ 4x2 − 26x + 10
x4 − 6x3 + 10x2 dx.

�4. Èíòåãðèðîâàíèå ïðîñòåéøèõ èððàöèîíàëüíûõ ôóíêöèé.

I. Ïóñòü R (x, n1
√

x, . . . , nk
√

x) � ðàöèîíàëüíàÿ ôóíêöèÿ îò ïåðåìåí-

íûõ x, n1
√

x, . . . , nk
√

x. Ïîäñòàíîâêîé x = tN , ãäå N = Í.Î.Ê.(n1, . . . , nk)

èíòåãðàë ñâîäèòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè.

Ïðèìåð 4.1. Âû÷èñëèòå èíòåãðàë
∫ (

√
x + 2)

( 3
√

x− 1)
3
√

x2
dx .

Ðåøåíèå . Ñäåëàåì çàìåíó x = t6. Òîãäà dx = 6t5dt. Ïîäñòàâèì â èí-

òåãðàë, ïîëó÷èì

I =
∫ (

√
x + 2)

( 3
√

x− 1)
3
√

x2
dx =

∫ (t3 + 2)6t5

(t2 − 1)t4
dt = 6

∫ (t3 + 2)t
t2 − 1

dt.

Ýòî èíòåãðàë îò ðàöèîíàëüíîé äðîáè. Âûäåëèì öåëóþ ÷àñòü ýòîé äðî-

áè, ïîëó÷èâøóþñÿ ïðàâèëüíóþ äðîáü ïðåäñòàâèì â âèäå ñóììû ïðîñòûõ

äðîáåé è ïðîèíòåãðèðóåì

I = 6
∫ (

t2 + 1 + 2t + 1
t2 − 1

)
dt = 2t3 + 6t + 6 ln |t2 − 1| + 3 ln

∣∣∣t− 1
t + 1

∣∣∣ + C =

2
√

x + 6 6
√

x + +6 ln | 3
√

x− 1|+ 3 ln

∣∣∣∣ 6
√

x− 1
6
√

x + 1

∣∣∣∣ + C.

II. Ïóñòü R
(
x, n1

√
ax + b
cx + d

, . . . , nk

√
ax + b
cx + d

)
(ad − bc 6= 0) � ðàöè-

îíàëüíàÿ ôóíêöèÿ îò ïåðåìåííûõ x, n1

√
ax + b
cx + d

, . . . , nk

√
ax + b
cx + d

. Ïîäñòà-

íîâêîé ax + b
cx + d

= tN , ãäå N = Í.Î.Ê.(n1, . . . , nk) èíòåãðàë ñâîäèòñÿ ê

èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè.
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Ïðèìåð 4.2. Âû÷èñëèòå èíòåãðàë
∫ dx

(
√

(x− 1)3(x− 2)
.

Ðåøåíèå .
∫ dx

(
√

(x− 1)3(x− 2)
=

∫ √
x− 2
x− 1 ·

dx
(x− 1)(x− 2)

.

Ñäåëàåì çàìåíó x− 2
x− 1 = t2. Òîãäà x = 2− t2

1− t2
, x − 2 = t2

1− t2
, x − 1 =

1
1− t2

è dx = 2tdt
(1− t2)2 . Ïîäñòàâèì â èíòåãðàë, ïîëó÷èì∫ √

x− 2
x− 1 ·

dx
(x− 1)(x− 2)

=
∫

t · 1− t2

t2
· 1− t2

1 · 2tdt
(1− t2)2 =

∫
2 dt =

2t + C = 2
√

x− 2
x− 1 + C.

III. Èíòåãðèðîâàíèå äèôôåðåíöèàëüíîãî áèíîìà
∫

xm(a + bxn)p dx.

Ïàôíóòèé Ëüâîâè÷ ×åáûøîâ â 1853 ãîäó äîêàçàë, ÷òî òàêîé èíòåãðàë

áåðåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ òîëüêî â òðåõ ñëó÷àÿõ.

à) p � öåëîå ÷èñëî. Ïðè p > 0 èíòåãðàë áåðåòñÿ íåïîñðåäñòâåííî, ïðè

p < 0 � ñ ïîìîùüþ ïîäñòàíîâêè x = tN , ãäå N = Í.Î.Ê.(n, m);

á) m + 1
n � öåëîå ÷èñëî. Èíòåãðàë áåðåòñÿ ïðè ïîìîùè ïîäñòàíîâêè

a + bxn = tN , ãäå N � çíàìåíàòåëü ÷èñëà p;

â) m + 1
n + p � öåëîå ÷èñëî. Èíòåãðàë áåðåòñÿ ïðè ïîìîùè ïîäñòàíîâêè

a + bx−n = tN , ãäå N � çíàìåíàòåëü ÷èñëà p.

Ïðèìåð 4.3. Âû÷èñëèòå èíòåãðàë
∫

3
√

x · 3
√

1 + 3
3
√

x2 dx.

Ðåøåíèå . Òàê êàê m = 1
3 , n = 2

3 , p = 1
3 , òî

m + 1
n = 2 � öåëîå ÷èñëî.

Ïîýòîìó ñäåëàåì çàìåíó 1 + 3
3
√

x2 = t3.

Òîãäà x =

(
t3 − 1

3

)3/2

, dx =

√
3

2 · t2 ·
√

t3 − 1 dt.

Ïîäñòàâèì â èíòåãðàë, ïîëó÷èì∫
3
√

x· 3
√

1 + 3
3
√

x2 dx =
∫ √

t3 − 1√
3

·t·
√

3
2 ·t2 ·

√
t3 − 1 dt = 1

2

∫
t3(t3−1)dt =

t7

14 −
t4

8 + C = 1
14

3

√
(1 + 3

3
√

x2)7 − 1
8

3

√
(1 + 3

3
√

x2)4 + C .

IV. Èíòåãðèðîâàíèå âûðàæåíèé, ñîäåðæàùèõ
√

ax2 + bx + c.

Ïðè âû÷èñëåíèè
∫ dx√

ax2 + bx + c
íóæíî, âûäåëèâ ïîëíûé êâàäðàò,

ïðèâåñòè èíòåãðàë ê òàáëè÷íîìó.
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Ïðèìåð 4.4. Âû÷èñëèòå èíòåãðàë
∫ (x + 2)dx√

5− 4x− x2
.

Ðåøåíèå .
∫ (x + 2)dx√

5− 4x− x2
=

∫ (x− 2 + 4)dx√
9− (x− 2)2

=
∫ (x− 2)dx√

9− (x− 2)2
+

+
∫ 4dx√

9− (x− 2)2
= 1

2

∫
(9−(x−2)2)−1/2 d(x−2)2−4

∫ dx√
9− (x− 2)2

=

−
√

9− (x− 2)2 + 4 arcsin x− 2
3 + C.

Ïðèìåð 4.5. Âû÷èñëèòå èíòåãðàë
∫ (x + 2)dx√

x2 − 4x + 8
.

Ðåøåíèå .
∫ (x + 2)dx√

x2 − 4x + 8
=

∫ (x− 2 + 4)dx√
(x− 2)2 + 4

=
∫ (x− 2)dx√

(x− 2)2 + 4
+

+
∫ 4dx√

(x− 2)2 + 4
= 1

2

∫
((x− 2)2 + 4)−1/2 dx + 4

∫ dx√
(x− 2)2 + 4

=

=
√

(x− 2)2 + 4 + 4 ln(x− 2 +
√

x2 − 4x + 8) + C.

Çàäàíèå 4.1. Âû÷èñëèòå èíòåãðàëû

à)
∫ 1√

x− 3
√

x
dx; á)

∫ x− 6√
x + 1− 3

√
x + 1

dx.

Çàäàíèå 4.2. Âû÷èñëèòå èíòåãðàëû

à)
∫ 6

√
x

3
√

x2 − 2 4
√

x
dx; á)

∫ √
2 + x
x− 2 ·

dx
(x− 2)2 .

Çàäàíèå 4.3. Âû÷èñëèòå èíòåãðàëû

à)
∫ √

2 + x
x− 2 ·

dx
(x− 2)3 ; á)

∫ x− 2√
x2 − 4x + 7

dx.

Çàäàíèå 4.4. Âû÷èñëèòå èíòåãðàëû

à)
∫ 2x + 5√

x2 − 4x + 13
dx; á)

∫ x + 8√
6x− x2 − 10

dx.

�5. Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé.

Ðàññìîòðèì âû÷èñëåíèå èíòåãðàëîâ âèäà
∫

R(sin x, cos x)dx, ãäå

R(sin x, cos x) � ðàöèîíàëüíàÿ ôóíêöèÿ îò sin x è cos x.

I. Ýòîò èíòåãðàë ìîæíî ñâåñòè ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè

ñ ïîìîùüþ óíèâåðñàëüíîé òðèãîíîìåòðè÷åñêîé ïîäñòàíîâêè t = tg x
2 .

Âûïèøåì îñíîâíûå ñîîòíîøåíèÿ äëÿ ýòîé ïîäñòàíîâêè:
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sin x =
2 tg

x

2
1 + tg2 x

2

= 2t
1 + t2

, cos x =
1− tg2 x

2
1 + tg2 x

2

= 1− t2

1 + t2
, x = 2 arctg t,

dx = 2dt
1 + t2

.

Îäíàêî ïðè ïðèìåíåíèè óíèâåðñàëüíîé òðèãîíîìåòðè÷åñêîé ïîäñòà-

íîâêè ÷àñòî ïîëó÷àþòñÿ äîñòàòî÷íî ñëîæíûå èíòåãðàëû. Ðàññìîòðèì

íåñêîëüêî ÷àñòíûõ âèäîâ ôóíêöèè R(sin x, cos x), èíòåãðèðîâàíèå êîòî-

ðûõ ïðè ñîîòâåòñòâóþùåé çàìåíå âûïîëíÿåòñÿ ïðîùå.

II. Ôóíêöèÿ R(sin x, cos x) � íå÷åòíàÿ îòíîñèòåëüíî sin x (òî åñòü

R(− sin x, cos x) = −R(sin x, cos x)). Â ýòîì ñëó÷àå çàìåíà y = cos x ïðè-

âîäèò ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè. Âûïèøåì îñíîâíûå ñîîòíî-

øåíèÿ äëÿ ýòîé ïîäñòàíîâêè:

sin x =
√

1− y2, x = arccos y, dx = − dy√
1− y2

III. Ôóíêöèÿ R(sin x, cos x) � íå÷åòíàÿ îòíîñèòåëüíî cos x (òî åñòü

R(sin x,− cos x) = −R(sin x, cos x)). Â ýòîì ñëó÷àå çàìåíà z = sin x ïðè-

âîäèò ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè. Âûïèøåì îñíîâíûå ñîîòíî-

øåíèÿ äëÿ ýòîé ïîäñòàíîâêè:

cos x =
√

1− z2, x = arcsin z, dx =
dy√
1− z2

.

IV. Ôóíêöèÿ R(sin x, cos x) � ÷åòíàÿ îòíîñèòåëüíî sin x è cos x (òî

åñòü R(− sin x,− cos x) = R(sin x, cos x)). Â ýòîì ñëó÷àå çàìåíà u = tg x

ïðèâîäèò ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè. Âûïèøåì îñíîâíûå ñîîò-

íîøåíèÿ äëÿ ýòîé ïîäñòàíîâêè:

cos x = 1√
1 + u2

, sin x = u√
1 + u2

, x = arctg u, dx = du
1 + u2 .

V.
∫

sinm x cosn xdx, ãäå m, n � ÷åòíûå ÷èñëà, áåðåòñÿ ñ ïðèìåíåíèåì

ôîðìóë ïîíèæåíèÿ ñòåïåíè sin2 x = 1− cos 2x
2 , cos2 x = 1 + cos 2x

2 .

Ïðèìåð 5.1. Âû÷èñëèòå èíòåãðàë
∫ dx

sin x cos3 x

Ðåøåíèå . Âû÷èñëèì ýòîò èíòåãðàë íåñêîëüêèìè ñïîñîáàìè.

1. 1
sin x cos3 x

� ôóíêöèÿ ÷åòíàÿ îòíîñèòåëüíî sin x è cos x. Ñäåëàåì ïîä-

ñòàíîâêó u = tg x. Ïîëó÷àåì
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∫ dx
sin x cos3 x

=
∫ √

1 + u2

u ·
√

(1 + u2)3

1 · du
1 + u2 =

∫ (1 + u2)du
u =

=
∫ (

1
u + u

)
du = ln |u|+ u2

2 + C = ln | tg x|+ 0, 5 tg2 x + C.

Ýòîò èíòåãðàë ìîæíî ïðåîáðàçîâàòü, ïðèìåíèâ ñëåäñòâèå èç îñíîâíîãî-

òðèãîíîìåòðè÷åñêîãî òîæäåñòâà
∫ dx

tg x cos4 x
=

∫ 1
tg x ·

1
cos2 x

· dx
cos2 x

=∫ 1 + tg2 x
tg x · dx

cos2 x
=

∫ (1 + u2)du
u .

2. 1
sin x cos3 x

� ôóíêöèÿ íå÷åòíàÿ îòíîñèòåëüíî sin x. Ñäåëàåì ïîäñòà-

íîâêó y = cos x. Äëÿ âû÷èñëåíèÿ èíòåãðàëà ðàçëîæèì äðîáü, ñòîÿùóþ

ïîä çíàêîì èíòåãðàëà, íà ïðîñòûå äðîáè. Ïîëó÷èì
∫ dx

sin x cos3 x
=

=
∫ sin xdx

sin2 x cos3 x
=

∫ dy
y3(1− y2)

=
∫ (

1
y + 1

y3 +
0, 5

1− y −
0, 5

1 + y

)
dy =

= ln | cos x| − 0, 5 ln(1− cos x)− 0, 5 ln(1 + cos x)− 0, 5
cos2 x

+ C.

3. 1
sin x cos3 x

� ôóíêöèÿ íå÷åòíàÿ îòíîñèòåëüíî cos x. Ñäåëàåì ïîäñòà-

íîâêó z = sin x. Äëÿ âû÷èñëåíèÿ èíòåãðàëà ðàçëîæèì äðîáü, ñòîÿùóþ

ïîä çíàêîì èíòåãðàëà, íà ïðîñòûå äðîáè. Ïîëó÷èì∫ dx
sin x cos3 x

=
∫ cos xdx

sin x cos4 x
=

∫ dz
z(1− z2)2 =

=
∫ (

1
z +

0, 5
1− z −

0, 5
1 + z +

0, 25
(1− z)2 −

0, 25
(1 + z)2

)
dy =

= ln | sin x|−0, 5 ln(1− sin x)−0, 5 ln(1+sin x)− 0, 25
1− sin x +

0, 25
1 + sin x +C.

Õîòÿ âñå îòâåòû îòëè÷àþòñÿ äðóã îò äðóãà, îíè âñå ïðàâèëüíûå. Ýòî

ìîæíî ïðîâåðèòü, åñëè ïðèìåíÿÿ òðèãîíîìåòðè÷åñêèå ôîðìóëû, ïðåîá-

ðàçîâàòü ïîëó÷åííûå âûðàæåíèÿ.

Çàäàíèå 5.1. Âû÷èñëèòå èíòåãðàëû

à)
∫ dx

sin x cos x ; á)
∫

sin3 x cos2 x dx; â)
∫

sin5 x cos3 x dx; ã)
∫ sin3 x

cos5 x
dx.

Çàäàíèå 5.2. Âû÷èñëèòå èíòåãðàëû

à)
∫ cos5 x

sin2 x
dx; á)

∫ sin4 x
cos6 x

dx; â)
∫ sin4 x

cos8 x
dx; ã)

∫ sin3 x
cos5 x

dx.

Çàäàíèå 5.3. Âû÷èñëèòå èíòåãðàëû

à)
∫ dx

sin x cos3 x
; á)

∫
tg5 x dx; â)

∫ dx
5 + 3 cos x ; ã)

∫ 2− sin x
2 + sin x dx.
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Çàäàíèå 5.4. Âû÷èñëèòå èíòåãðàëû

à)
∫ tg2 x + 1

sin x cos x dx; á)
∫ √

tg x + 1
sin x cos x dx; â)

∫
sin4 x dx; ã)

∫
sin 3x cos 5x dx.

�6. Çàäà÷è, ïðèâîäÿùèå ê ïîíÿòèþ îïðåäåëåííîãî èíòåãðàëà.

Ðàññìîòðèì êðèâîëèíåéíóþ òðàïåöèþ, îãðàíè÷åííóþ ñíèçó îñüþOX,

ñ áîêîâ � ïðÿìûìè x = a, x = b, ñâåðõó � êðèâîé y = f(x).

Ïîñòàâèì çàäà÷ó íàéòè ïëîùàäü ýòîé òðàïåöèè.

Ðàçîáüåì îòðåçîê [a; b] íà n ÷àñòåé òî÷êàìè a = x0 < x1 < . . . <

xi < xi+1 < . . . < xn = b. Äëÿ êàæäîãî i = 0, n− 1 ðàññìîòðèì îòðå-

çîê [xi; xi+1]. Äëèíû ýòèõ îòðåçêîâ ∆xi = xi+1 − xi. Íà êàæäîì îòðåçêå

âûáåðåì òî÷êó ξi ∈ [xi; xi+1], ïðîâåäåì ÷åðåç ýòó òî÷êó ïåðïåíäèêóëÿð ê

îñè OX äî ïåðåñå÷åíèÿ ñ ãðàôèêîì ôóíêöèè y = f(x). Äëèíû ïåðïåí-

äèêóëÿðîâ ðàâíû f(ξ1), f(ξ2), . . . , f(ξn).

Íà êàæäîì ó÷àñòêå ïîñòðîèì ïðÿìîóãîëüíèê ñ îñíîâàíèåì ∆xi è âû-

ñîòîé f(ξi). Ïîëó÷èëè ñòóïåí÷àòóþ ôèãóðó.

-
x

6
y

a bxi xi+1ξi

f(ξi)

Ïëîùàäè ïðÿìîóãîëüíèêîâ ðàâíû Si = f(ξi)∆xi. Ïîýòîìó ïëîùàäü

ïîëó÷åííîé ñòóïåí÷àòîé ôèãóðû ðàâíà σn =
n−1∑
i=0

f(ξi)∆xi.

Îáîçíà÷èì λ = max{∆x1, ∆x2, . . . , ∆xn}. Áóäåì óâåëè÷èâàòü ÷èñëî

òî÷åê äåëåíèÿ îòðåçêà (n →∞) òàê, ÷òîáû λ → 0.

Çà âåëè÷èíó ïëîùàäè òðàïåöèè S ïðèíèìàþò ïðåäåë ïëîùàäè ñòóïåí-

÷àòîé ôèãóðû ïðè λ → 0.

S = lim
λ→0

σn = lim
λ→0

n−1∑
i=0

f(ξi)∆xi (6.1)

Ðàññìîòðèì ïëîùàäè åùå äâóõ ñòóïåí÷àòûõ ôèãóð sn (ôèãóðà, âïèñàí-
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íàÿ â òðàïåöèþ) è Sn (ôèãóðà, îïèñàííàÿ îêîëî òðàïåöèè). Èìååì

sn = lim
λ→0

n−1∑
i=0

f(ci)∆xi, Sn = lim
λ→0

n−1∑
i=0

f(di)∆xi, ãäå f(ci) = min
x∈[xi,xi+1]

f(x),

f(di) = max
x∈[xi,xi+1]

f(x). Òîãäà äëÿ äàííîãî ðàçáèåíèÿ sn 6 σn 6 Sn. Êðîìå

òîãî ïðè λ → 0 sn → σn, Sn → σn è Sn − sn → 0.

Ïóñòü ôóíêöèÿ u = f(t) îïèñûâàåò èçìåíåíèå ïðîèçâîäèòåëüíîñòè

òðóäà ñ òå÷åíèåì âðåìåíè. Íàéäåì îáúåì ïðîäóêöèè, ïðîèçâåäåííîé çà

ïðîìåæóòîê âðåìåíè [0; T ].

Çàìåòèì, ÷òî åñëè f(t) = const, òî îáúåì ïðîäóêöèè ∆u, ïðîèçâåäåí-

íîé çà ïðîìåæóòîê âðåìåíè ∆t âû÷èñëÿåòñÿ ïî ôîðìóëå ∆u = f(t)∆t,

ãäå (t ∈ [t0; t0 + ∆t]).

Â îáùåì ñëó÷àå ïðèáëèæåííîå ðàâåíñòâî ∆u = f(ξ)∆t (ξ ∈ [t; t+∆t])

òåì òî÷íåå, ÷åì ìåíüøå ∆t.

Ðàçîáüåì îòðåçîê [0; T ] íà ïðîìåæóòêè âðåìåíè òî÷êàìè 0 = t0 <

t1 < . . . < ti < ti+1 < . . . < tn = T . Îáúåì ïðîäóêöèè, ïðîèçâåäåííîé

çà ïðîìåæóòîê âðåìåíè [ti; ti+1] ðàâåí ïðèáëèæåííî ∆ui = f(ξi)∆ti, ãäå

∆ti = ti+1 − ti, ξi ∈ [ti; ti+1]. Òîãäà

u ≈
n−1∑
i=0

∆ui =
n−1∑
i=0

f(ξi)∆ti. (∗)

Îáîçíà÷èì λ = max
i=1,n

{∆ti}. Åñëè λ → 0, òî ðàâåíñòâî (*) ñòàíîâèòñÿ âñå

áîëåå òî÷íûì. Ïîýòîìó îáúåì ïðîèçâåäåííîé ïðîäóêöèè

u = lim
λ→0

n−1∑
i=0

f(ξi)∆ti (6.2)

Çàìåòèì, ÷òî âûðàæåíèÿ (6.1) è (6.2) èìåþò îäèíàêîâóþ ñòðóêòóðó.

È ýòî íå ñëó÷àéíî.

�7. Îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

Ïóñòü f(x) � ïðîèçâîëüíàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà îòðåçêå [a; b].
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Ðàçîáüåì îòðåçîê [a; b] íà n ÷àñòåé òî÷êàìè a = x0 < x1 < . . . <

xi < xi+1 < . . . < xn = b. Äëÿ êàæäîãî i = 0, n− 1 ðàññìîòðèì îòðåçîê

[xi; xi+1]. Äëèíû ýòèõ îòðåçêîâ ∆xi = xi+1 − xi. Íà êàæäîì îòðåçêå âû-

áåðåì òî÷êó ξi ∈ [xi; xi+1], âû÷èñëèì çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ

f(ξ1), f(ξ2), . . . , f(ξn) è ñîñòàâèì ñóììó

σn =
n−1∑
i=0

f(ξi)∆xi. (7.1)

σn íàçûâàåòñÿ èíòåãðàëüíîé ñóììîé.

Îáîçíà÷èì λ = max{∆x1, ∆x2, . . . , ∆xn}. Áóäåì óâåëè÷èâàòü ÷èñëî

òî÷åê äåëåíèÿ îòðåçêà (n →∞) òàê, ÷òîáû λ → 0.

Îïðåäåëåíèå 7.1. Îïðåäåëåííûì èíòåãðàëîì îò ôóíêöèè f(x) íà îò-

ðåçêå [a; b] íàçûâàåòñÿ ïðåäåë èíòåãðàëüíîé ñóììû σn, åñëè îí íå çàâèñèò

îò ñïîñîáà ðàçáèåíèÿ îòðåçêà è âûáîðà òî÷åê, ïðè åäèíñòâåííîì óñëîâèè

λ → 0.

b∫
a

f(x)dx = lim
λ→0

σn = lim
λ→0

n−1∑
i=0

f(ξi)∆xi (7.2)

f(x) íàçûâàåòñÿ ïîäèíòåãðàëüíîé ôóíêöèåé, f(x)dx � ïîäèíòåãðàëü-

íûì âûðàæåíèåì, x � ïåðåìåííîé èíòåãðèðîâàíèÿ, a � íèæíèì ïðåäå-

ëîì èíòåãðèðîâàíèÿ, b � âåðõíèì ïðåäåëîì èíòåãðèðîâàíèÿ. Ôóíêöèÿ,

äëÿ êîòîðîé îïðåäåëåííûé èíòåãðàë ñóùåñòâóåò, íàçûâàåòñÿ èíòåãðèðó-

åìîé.

Ðàññìîòðèì åùå äâå èíòåãðàëüíûå ñóììû sn è Sn

sn = lim
λ→0

n−1∑
i=0

f(ci)∆xi, Sn = lim
λ→0

n−1∑
i=0

f(di)∆xi,

ãäå f(ci) = min
x∈[xi,xi+1]

f(x), f(di) = max
x∈[xi,xi+1]

f(x).

Ñóììû sn è Sn íàçûâàþò íèæíåé ñóììîé Äàðáó è âåðõíåé ñóììîé

Äàðáó ñîîòâåòñòâåííî.

Î÷åâèäíî, ÷òî äëÿ çàäàííîãî ðàçáèåíèÿ sn 6 σn 6 Sn. Äîêàçàíî, ÷òî

äëÿ ñóùåñòâîâàíèÿ îïðåäåëåííîãî èíòåãðàëà íåîáõîäèìî è äîñòàòî÷íî,
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÷òîáû ïðè λ → 0 ðàçíîñòü Sn − sn → 0. Òîãäà lim
λ→0

sn = lim
λ→0

σn = lim
λ→0

Sn.

Çàìåòèì, ÷òî íåñìîòðÿ íà ñõîäñòâî â íàçâàíèè, îáîçíà÷åíèè è òåðìè-

íîëîãèè íåîïðåäåëåííûé è îïðåäåëåííûé èíòåãðàëû � ýòî ðàçëè÷íûå

ïîíÿòèÿ. Îïðåäåëåííûé èíòåãðàë � ýòî ÷èñëî, íåîïðåäåëåííûé èíòå-

ãðàë � ýòî ñåìåéñòâî ôóíêöèé.

Íå äëÿ âñÿêîé ôóíêöèè íà çàäàííîì èíòåðâàëå ñóùåñòâóåò îïðåäåëåí-

íûé èíòåãðàë. Ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a; b], åñëè âûïîë-

íÿåòñÿ îäíî èç óñëîâèé: a) f(x) íåïðåðûâíà íà [a; b]; b) f(x) îãðàíè÷åíà

è êóñî÷íî-íåïðåðûâíà íà [a; b] (f(x) èìååò íà [a; b] êîíå÷íîå ÷èñëî òî-

÷åê ðàçðûâà ïåðâîãî ðîäà); c) f(x) îïðåäåëåíà è ìîíîòîíà íà [a; b]. Èç

ýòèõ óñëîâèé ñëåäóåò, ÷òî ëþáàÿ èíòåãðèðóåìàÿ íà îòðåçêå [a; b] ôóíêöèÿ

îãðàíè÷åíà íà ýòîì îòðåçêå.

Èç îïðåäåëåíèÿ îïðåäåëåííîãî èíòåãðàëà ïîëó÷àåì åãî ãåîìåòðè÷å-

ñêèé ñìûñë: îïðåäåëåííûé èíòåãðàë îò ïîëîæèòåëüíîé ôóíêöèè f(x) íà

îòðåçêå [a; b] � ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííóþ ñíèçó

îñüþ OX, ñ áîêîâ � ïðÿìûìè x = a, x = b, ñâåðõó � êðèâîé y = f(x).

Ýêîíîìè÷åñêèé ñìûñë îïðåäåëåííîãî èíòåãðàëà: åñëè ôóíêöèÿ u =

f(t) îïèñûâàåò èçìåíåíèå ïðîèçâîäèòåëüíîñòè òðóäà çà ïðîìåæóòîê âðå-

ìåíè [0; T ], òî èíòåãðàë îò ôóíêöèè f(t) ïî çàäàííîìó ïðîìåæóòêó ðàâåí

îáúåìó ïðîäóêöèè, ïðîèçâåäåííîé çà ïðîìåæóòîê âðåìåíè [0; T ].

Èç îïðåäåëåíèÿ èíòåãðàëà âûòåêàåò, ÷òî
b∫
a

1dx = b− a.

�8. Ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà.

1) Èíòåãðàë íå çàâèñèò îò áóêâû, êîòîðîé îáîçíà÷àåòñÿ ïåðåìåííàÿ

èíòåãðèðîâàíèÿ;

2)
a∫
a

f(x)dx = 0;

3)
b∫
a

f(x)dx = −
a∫
b

f(x)dx, òî åñòü ïðè ïåðåñòàíîâêå ïðåäåëîâ èíòåãðè-

ðîâàíèÿ èíòåãðàë ìåíÿåò çíàê; (â ñàìîì äåëå, ïðè ïåðåñòàíîâêå ïðåäåëîâ
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èíòåãðèðîâàíèÿ ïðèðàùåíèÿ àðãóìåíòà ìåíÿåò çíàê ∆x′ = −∆x);

4) åñëè c ∈ (a; b), òî
b∫
a

f(x)dx =
c∫
a

f(x)dx +
b∫
c

f(x)dx;

5)
b∫
a

f(x)dx =
b∫
a

(f(x) + g(x))dx +
b∫
a

g(x)dx;

6)
b∫
a

kf(x)dx = k
b∫
a

f(x)dx;

7) åñëè a < b è f(x) > 0, òî
b∫
a

f(x)dx > 0;

8) åñëè a < b è f(x) 6 g(x), òî
b∫
a

f(x)dx 6
b∫
a

g(x)dx;

9) (òåîðåìà îá îöåíêå èíòåãðàëà) åñëè a < b, òî∣∣∣∣∣ b∫
a

f(x)dx

∣∣∣∣∣ 6
b∫
a

|f(x)|dx;

10) åñëè a < b è m 6 f(x) 6 M (óñëîâèå îãðàíè÷åííîñòè ôóíêöèè

f(x) íà [a; b]), òî m(b− a) 6
b∫
a

f(x)dx 6 M(b− a);

11) (ïåðâàÿ òåîðåìà î ñðåäíåì) åñëè m 6 f(x) 6 M , òî ñóùåñòâóåò

µ ∈ [m, M ] òàêîå, ÷òî
b∫
a

f(x)dx = µ(b− a);

12) (âòîðàÿ òåîðåìà î ñðåäíåì) åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà

îòðåçêå [a; b], òî ñóùåñòâóåò òî÷êà c ∈ [a; b] òàêàÿ, ÷òî
b∫
a

f(x)dx = f(c)(b− a);

13) åñëè ôóíêöèÿ f(x) � íå÷åòíàÿ, òî
a∫

−a

f(x)dx = 0;

14) åñëè ôóíêöèÿ f(x) � ÷åòíàÿ, òî
a∫

−a

f(x)dx = 2
a∫
0

f(x)dx.

�9. Èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì.

Ïóñòü ôóíêöèÿ y = f(x) èíòåãðèðóåìà íà îòðåçêå [a; b]. Òîãäà îíà

èíòåãðèðóåìà íà ëþáîì îòðåçêå [a; x] ⊂ [a; b]. Î÷åâèäíî, ÷òî ðàçëè÷íûõ
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çíà÷åíèé x âåëè÷èíà èíòåãðàëà

Φ(x) =

x∫
a

f(t)dt (9.1)

áóäåò ðàçëè÷íîé. Ââåäåííóþ òàêèì îáðàçîì ôóíêöèþ Φ(x) íàçûâàþò

èíòåãðàëîì ñ ïåðåìåííûì âåðõíèì ïðåäåëîì.

-
x

6
y

a bxi xi + ∆x

S(x)

�
�

�
��

�
�

�
�

�
�
�

�
��

�
�
�

�
�
�

��

Ãåîìåòðè÷åñêè, åñëè f(x) > 0, ôóíêöèþ Φ(x) ìîæíî ðàññìàòðèâàòü

êàê ïëîùàäü S(x) êðèâîëèíåéíîé òðàïåöèè, ïîñòðîåííîé íà îòðåçêå [a; x].

Åñëè ôóíêöèÿ f(t) íåïðåðûâíà íà [a; b], òî îíà íåïðåðûâíà íà ëþáîì

îòðåçêå [a; x] ⊂ [a; b], ïîýòîìó Φ(x) ñóùåñòâóåò äëÿ âñåõ x ∈ [a; b], ïðè÷åì

Φ(a) =
a∫
a

f(t)dt = 0.

Ðàññìîòðèì ñâîéñòâà ôóíêöèè Φ(x).

Òåîðåìà 9.1. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [a; b], òî ôóíê-

öèÿ Φ(x)

1. íåïðåðûâíà íà îòðåçêå [a; b];

2. äèôôåðåíöèðóåìà â êàæäîé òî÷êå èíòåðâàëà (a; b), ïðè÷åì ïðî-

èçâîäíàÿ èíòåãðàëà ïî âåðõíåìó ïðåäåëó ðàâíà çíà÷åíèþ ïîäèíòåãðàëü-

íîé ôóíêöèè â òî÷êå äèôôåðåíöèðîâàíèÿ, òî åñòü

Φ′(x) =

 x∫
a

f(t)dt

′

= f(x). (9.2)

Äîêàçàòåëüñòâî. Ïóñòü x èx + ∆x ∈ [a; b]. Íàéäåì ïðèðàùåíèå ∆Φ(x):

∆Φ(x) = Φ(x+∆x)−Φ(x) =
x+∆x∫

a

f(t)dt−
x∫
a

f(t)dt =
x∫
a

f(t)dt+
x+∆x∫

x

f(t)dt−
x∫
a

f(t)dt =
x+∆x∫

x

f(t)dt. Ïðèìåíèâ âòîðóþ òåîðåìó î ñðåäíåì, ïîëó÷èì

∆Φ = f(c)∆x, c ∈ [x; x + ∆x].
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1. Äîêàæåì íåïðåðûâíîñòü ôóíêöèè. Âû÷èñëèì lim
∆x→0

∆Φ(x) =

= lim
∆x→0

f(c)∆x = 0 (âîñïîëüçîâàëèñü îãðàíè÷åííîñòüþ íåïðåðûâíîé ôóíê-

öèè f(x) íà [a; b]). Ïî îïðåäåëåíèþ ôóíêöèÿ Φ(x) íåïðåðûâíà.

2. Èç ôîðìóëû ∆Φ(x) = f(c)∆x ñëåäóåò f(c) =
∆Φ(x)

∆x . Òîãäà

Φ′(x) = lim
∆x→0

∆Φ(x)
∆x = lim

∆x→0
f(c) = f(x) (åñëè ∆x → 0, òî c → x).

Ñëåäñòâèå 9.2. Ëþáàÿ íåïðåðûâíàÿ íà îòðåçêå [a; b] ôóíêöèÿ èìååò

íà ýòîì îòðåçêå ïåðâîîáðàçíóþ.

�10. Ôîðìóëà Íüþòîíà � Ëåéáíèöà.

Âû÷èñëåíèå îïðåäåëåííûõ èíòåãðàëîâ ïî îïðåäåëåíèþ äîñòàòî÷íî

ñëîæíî. Äàæå äëÿ ïðîñòûõ ôóíêöèé ýòè âû÷èñëåíèÿ ïðèâîäÿò ê äëèí-

íûì âûêëàäêàì è ñëîæíûì äîêàçàòåëüñòâàì. Âîçíèêàåò çàäà÷à � íàé-

òè ïðîñòîé è óäîáíûé ñïîñîá âû÷èñëåíèÿ îïðåäåëåííîãî èíòåãðàëà. Ïî-

âîðîòíûì ìîìåíòîì â ðàçâèòèè èíòåãðàëüíîãî èñ÷èñëåíèÿ ÿâèëîñü îò-

êðûòèå ñâÿçè ìåæäó íåîïðåäåëåííûìè è îïðåäåëåííûìè èíòåãðàëàìè.

Èìåííî ýòà ñâÿçü ëåãëà ñ îñíîâó ìåòîäà âû÷èñëåíèÿ îïðåäåëåííûõ èí-

òåãðàëîâ.

Òåîðåìà 10.1. Íüþòîíà-Ëåéáíèöà Åñëè ôóíêöèÿ f(x) íåïðåðûâíà

íà îòðåçêå [a; b], ôóíêöèÿ F (x) � åå ïåðâîîáðàçíàÿ íà ýòîì îòðåçêå,

òî
b∫

a

f(x)dx = F (b)− F (a). (10.1)

Äîêàçàòåëüñòâî. Ôóíêöèÿ Φ(x) =
x∫
a

f(t)dt � ïåðâîîáðàçíàÿ äëÿ f(x) íà

[a; b]. Ïî òåîðåìå 1.2 î ñâÿçè ïåðâîîáðàçíûõ ôóíêöèè Φ(x) = F (x) + C.

Òàê êàê Φ(a) =
a∫
a

f(t)dt = F (a)+C = 0, òî C = −F (a). Òîãäà
b∫
a

f(x)dx =

Φ(b) = F (b)− F (a).
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Ôîðìóëó (10.1) íàçûâàþò ôîðìóëîé Íüþòîíà-Ëåéáíèöà. Ôîðìó-

ëà Íüþòîíà-Ëåéáíèöà ñâîäèò âû÷èñëåíèå îïðåäåëåííîãî èíòåãðàëà ê

âû÷èñëåíèþ ïåðâîîáðàçíîé (íåîïðåäåëåííîãî èíòåãðàëà). Äëÿ óäîáñòâà

âû÷èñëåíèé äîãîâîðèëèñü çàïèñûâàòü ÿâíî âèä ïåðâîîáðàçíîé, òî åñòü

ïèñàòü
b∫
a

f(x)dx = F (x)

∣∣∣∣∣
b

a

= F (b)− F (a).

�11. Âû÷èñëåíèå îïðåäåëåííûõ èíòåãðàëîâ.

I. Çàìåíà ïåðåìåííîé.

Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà è íåïðåðûâíà íà [a; b]. Ðàññìîòðèì

ôóíêöèþ x = ϕ(t), óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

1. ϕ(t) îïðåäåëåíà è íåïðåðûâíà íà [α; β];

2. ϕ(t) äèôôåðåíöèðóåìà, ϕ′(t) íåïðåðûâíà íà [α; β], ïðè÷åì ϕ′(t) 6= 0;

3. ϕ(α) = a, ϕ(β) = b (çíà÷åíèÿ ôóíêöèè ϕ(t) çàïîëíÿþò îòðåçîê [a; b]).

Òîãäà
b∫

a

f(x)dx =

β∫
α

f(ϕ(t))ϕ′(t)dt (11.1)

Ôîðìóëó (11.1) íàçûâàþò ôîðìóëîé çàìåíû ïåðåìåííîé â îïðåäåëåííîì

èíòåãðàëå.

Äîêàçàòåëüñòâî. Ôóíêöèè f(x) è f(ϕ(t)) íåïðåðûâíû, ïîýòîìó èíòå-

ãðàëû â ôîðìóëå (11.1) ñóùåñòâóþò. Äîêàæåì, ÷òî ïðàâàÿ ÷àñòü ýòîãî

ðàâåíñòâà ðàâíà åãî ëåâîé ÷àñòè.

Ïóñòü
x∫
a

f(x)dx = F (x) � ïåðâîîáðàçíàÿ äëÿ ôóíêöèè f(x) íà [a; b].

Ñëåäîâàòåëüíî, F ′(x) = f(x). Ïî ôîðìóëå Íüþòîíà-Ëåéáíèöà
b∫
a

f(x)dx =

F (b)− F (a).

Ðàññìîòðèì ôóíêöèþ Φ(t) = F (ϕ(t)). Âû÷èñëèì åå ïðîèçâîäíóþ.

Φ′(t) = (F (ϕ(t)))′ = F ′(ϕ(t)) · ϕ′(t) = f(ϕ(t)) · ϕ′(t), òî åñòü Φ(t) � ïåð-

âîîáðàçíàÿ äëÿ ôóíêöèè f(ϕ(t)) · ϕ′(t) íà [α; β]. Ïî ôîðìóëå Íüþòîíà-
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Ëåéáíèöà
β∫
α

f(ϕ(t))ϕ′(t)dt = Φ(β)−Φ(α) = F (ϕ(β))−F (ϕ(α)) = F (b)−

F (a) =
b∫
a

f(x)dx.

Çàìå÷àíèå 11.1. Ïðè çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå íåò

íåîáõîäèìîñòè âîçâðàùàòüñÿ ê èñõîäíîé ïåðåìåííîé.

Çàìå÷àíèå 11.2. Îáû÷íî çàìåíó ïðîèçâîäÿò ñ ïîìîùüþ ìîíîòîííîé

ôóíêöèè, ïðè ýòîì ϕ′(t) 6= 0.

II. Èíòåãðèðîâàíèå ïî ÷àñòÿì.

Åñëè ôóíêöèè u(x) è v(x) íåïðåðûâíû âìåñòå ñî ñâîèìè ïðîèçâîäíû-

ìè íà îòðåçêå [a; b], òî

b∫
a

udv = u · v |ba −
b∫

a

vdu. (11.2)

Äëÿ äîêàçàòåëüñòâà íóæíî ïðèìåíèòü ôîðìóëó Íüþòîíà-Ëåéáíèöà ê

ôîðìóëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì â íåîïðåäåëåííîì èíòåãðàëå.

Ïðèìåð 11.1. Âû÷èñëèòå èíòåãðàë

3
√

24∫
0

x2
√

x3 + 1 dx.

Ðåøåíèå . Ââåäåì íîâóþ ïåðåìåííóþ t = x3 + 1. Òîãäà dt = 3x2dx.

Âû÷èñëèì íîâûå ïðåäåëû èíòåãðèðîâàíèÿ: a = 0, çíà÷èò, α = 03+1 = 1,

b = 3
√

24, çíà÷èò, β = ( 3
√

24)3 + 1 = 25.

Òîãäà

3
√

24∫
0

x2
√

x3 + 1 dx = 1
3

25∫
1

√
tdt = 1

3 ·
2
3

√
t3

∣∣∣25

1
= 2

9(
√

253 −
√

13 ) =

2(125− 1)
9 = 248

9 .

Ïðèìåð 11.2. Âû÷èñëèòå èíòåãðàë
π/3∫
0

tg2 x + 3
cos6 x

dx.

Ðåøåíèå . Ââåäåì íîâóþ ïåðåìåííóþ t = tg x. Òîãäà dt = dx
cos2 x

. Âû-

÷èñëèì íîâûå ïðåäåëû èíòåãðèðîâàíèÿ: a = 0, çíà÷èò, α = tg 0 = 0,

b = π/3, çíà÷èò, β = tg π/3 =
√

3.
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Òîãäà
π/3∫
0

tg2 x + 3
cos6 x

dx =
π/3∫
0

tg2 x + 3
cos4 x

· dx
cos2 x

=

√
3∫

0
(t2 + 3)(t2 + 1)2 dt =

=

√
3∫

0
(t6 + 5t4 + 7t2 + 3) dt =

(
t7

7 + 5t5

5 + 7t3

3 + 3t

)∣∣∣√3

0
= 27

√
3

7 + 9
√

3 +

7
√

3 + 3
√

3 = 160
√

3
7 .

Ïðèìåð 11.3. Âû÷èñëèòå èíòåãðàë
e2∫
1

ln x√
x

dx.

Ðåøåíèå . Ýòîò èíòåãðàë áåðåì ïî ÷àñòÿì. Ïóñòü u = ln x, dv = dx√
x
,

òîãäà du = dx
x , v = 2

√
x.

Èìååì
e2∫
1

ln x√
x

dx = 2
√

x · ln x
∣∣∣e2

1
− 2

e2∫
1

√
x

x dx = 2
√

x · ln x
∣∣∣e2

1
− 2

e2∫
1

dx√
x

=

2
√

x · ln x
∣∣∣e2

1
− 4

√
x
∣∣∣e2

0
= 4e− 0− 4e + 4 = 4.

Çàäàíèå 11.1. Âû÷èñëèòå èíòåãðàëû

à)
16∫
4

√
x√

x + 1
dx; á)

e2∫
1

ln3 x
x dx; â)

e6∫
e

dx
x
√

ln x + 3
dx; ã)

π/2∫
π/6

cos3 x√
sin5 x

dx.

Çàäàíèå 11.2. Âû÷èñëèòå èíòåãðàëû

à)
1∫

−12
x 3
√

3− 2x dx; á)
9∫
1

√
x√

x(
√

x + 2)
dx; â)

3
√

5∫
0

x11
3
√

(x6 + 2)2
dx.

Çàäàíèå 11.3. Âû÷èñëèòå èíòåãðàëû

à)
1/2∫
1/4

arcsin
√

x√
x(1− x)

dx; á)
ln 6∫
1

ex
√

ex + 3
ex + 1

dx; â)
π/2∫

−π/2

√
cos x− cos3 x dx.

�12. Ïðèìåíåíèå îïðåäåëåííîãî èíòåãðàëà äëÿ âû÷èñëåíèÿ

ïëîùàäåé ôèãóð.

Äàíà ôèãóðà Φ, ëåæàùàÿ â ïëîñêîñòè XOY è îãðàíè÷åííàÿ çàìêíó-

òîé êðèâîé L. Ðàññìîòðèì ìíîãîóãîëüíèêè A, âïèñàííûå â ôèãóðó Φ, è

ìíîãîóãîëüíèêè B, îïèñàííûå îêîëî ôèãóðû Φ. Î÷åâèäíî, ÷òî A ⊂ Φ ⊂
B è SA 6 SΦ 6 SB. Ìíîæåñòâî ïëîùàäåé ìíîãîóãîëüíèêîâ A, âïèñàííûõ

â Φ, îãðàíè÷åíî ñâåðõó (SA < SB ∀B). Ñëåäîâàòåëüíî, îíî èìååò òî÷íóþ
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âåðõíþþ ãðàíèöó s∗ = sup{SA}. Ìíîæåñòâî ïëîùàäåé ìíîãîóãîëüíèêîâ

B, îïèñàííûõ îêîëî Φ îãðàíè÷åíî ñíèçó (SB > SA ∀A). Ñëåäîâàòåëü-
íî, îíî èìååò òî÷íóþ íèæíþþ ãðàíèöó S∗ = inf{SB}. Î÷åâèäíî, ÷òî
s∗ 6 S∗.

Åñëè s∗ = S∗ = S, òî èõ îáùåå çíà÷åíèå íàçûâàåòñÿ ïëîùàäüþ ôèãóðû

Φ, à ôèãóðà Φ íàçûâàåòñÿ êâàäðèðóåìîé.

Ñâîéñòâà ïëîùàäè:

1) Åñëè Φ1 = Φ2, òî SΦ1
= SΦ2

(ïëîùàäè ðàâíûõ ôèãóð ðàâíû);

2) Åñëè Φ1 ⊂ Φ2, òî SΦ1
< SΦ2

(ïëîùàäü ÷àñòè ôèãóðû ìåíüøå ïëîùàäè

âñåé ôèãóðû);

3) Åñëè Φ = Φ1 + Φ2, òî SΦ = SΦ1
+ SΦ2

(ïëîùàäü ôèãóðû ðàâíà ñóììå

ïëîùàäåé ÷àñòåé).

I. Âû÷èñëåíèå ïëîùàäè êðèâîëèíåéíîé òðàïåöèè.

1) Òðàïåöèÿ îãðàíè÷åíà ñâåðõó êðèâîé y = f(x) > 0, íåïðåðûâíîé íà

[a; b], ñíèçó � îñüþ OX, ñ áîêîâ � ïðÿìûìè x = a, x = b (ðèñ. 1). Òîãäà

ïëîùàäü ôèãóðû âû÷èñëÿåòñÿ ïî ôîðìóëå

S =

b∫
a

f(x)dx. (12.1)

2) Òðàïåöèÿ îãðàíè÷åíà ñâåðõó êðèâîé y = f(x), ñíèçó � êðèâîé

y = g(x), íåïðåðûâíûìè íà [a; b], ñ áîêîâ � ïðÿìûìè x = a, x = b (ðèñ.

2). Íå íàðóøàÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî îáå ôóíêöèè y = f(x) è

y = g(x) ïîëîæèòåëüíû. Ýòîãî âñåãäà ìîæíî äîáèòüñÿ ïàðàëëåëüíûì

ïåðåíîñîì êðèâûõ ïî îñè OY . Òîãäà ôèãóðó ìîæíî ïðåäñòàâèòü êàê

ðàçíîñòü äâóõ òðàïåöèé è åå ïëîùàäü âû÷èñëÿåòñÿ ïî ôîðìóëå

S = S1 − S2 =

b∫
a

(f(x)− g(x))dx. (12.2)

3) Òðàïåöèÿ îãðàíè÷åíà ñíèçó êðèâîé y = f(x) 6 0, íåïðåðûâíîé

íà [a; b], ñâåðõó � îñüþ OX, ñ áîêîâ � ïðÿìûìè x = a, x = b (ðèñ.
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3). Ýòó òðàïåöèþ ìîæíî ïîëó÷èòü ñèììåòðè÷íûì îòîáðàæåíèåì îòíî-

ñèòåëüíî îñè OX òðàïåöèè, îãðàíè÷åííîé ñâåðõó ïîëîæèòåëüíîé êðèâîé

y = −f(x). Åå ïëîùàäü âû÷èñëÿåòñÿ ïî ôîðìóëå

S =

b∫
a

|f(x)|dx = −
b∫

a

f(x)dx. (12.3)

4) Òðàïåöèÿ îãðàíè÷åíà êðèâîé y = f(x), íåïðåðûâíîé íà [a; b], îñüþ

OX, è ïðÿìûìè x = a, x = b (ðèñ. 4). Òî÷êàìè, â êîòîðûõ êðèâàÿ

ïåðåñåêàåò îñü OX, äàííàÿ ôèãóðà ðàçáèâàåòñÿ íà ÷àñòè Òîãäà ïëîùàäü

ôèãóðû ðàâíà ñóììå ïëîùàäåé ÷àñòåé âû÷èñëÿåòñÿ è ïî ôîðìóëå

S = S1 + S2 + S3 =

b∫
a

|f(x)|dx. (12.4)

-
x

6
y

a b

y = f(x)

ðèñ.1

-
x

6
y

a b

y = f(x)

y = g(x)

ðèñ.2

-
x

6
y

a b

y = f(x)

y = −f(x)

ðèñ.3

5) Òðàïåöèÿ îãðàíè÷åíà êðèâîé x = f(y), íåïðåðûâíîé íà [c; d], îñüþ

OY , è ïðÿìûìè y = c, y = d (ðèñ. 5). Òîãäà ïëîùàäü ôèãóðû âû÷èñëÿ-

åòñÿ ïî ôîðìóëå

S =

d∫
c

f(y)dy. (12.5)

-
x

6
y

ðèñ.4

a b

y = f(x)

-
x

6
y

x = f(y)

c

d

ðèñ.5

-
x

6
y

a b

y=y(t)
x=x(t)

A
B

ðèñ.6

II. Âû÷èñëåíèå ïëîùàäè ôèãóðû, îãðàíè÷åííîé êðèâîé, çà-

äàííîé ïàðàìåòðè÷åñêè.
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Ïóñòü êðèâàÿAB çàäàíà ïàðàìåòðè÷åñêè

{
y = y(t)

x = x(t)
, ïðè÷åì ôóíê-

öèè y(t) è x(t) íåïðåðûâíû íà [α; β] (ðèñ.6). Ïî òåîðåìå îá îáðàòíîé

ôóíêöèè ñóùåñòâóåò ôóíêöèÿ t = t(x) òàêàÿ, ÷òî y = y(t) = y(t(x)) =

f(x) è åñëè t ∈ [α; β], òî x ∈ [a; b]. Ïðîèçâåäÿ â èíòåãðàëå (12.1) çàìåíó

x = x(t), ïîëó÷èì ôîðìóëó äëÿ âû÷èñëåíèÿ ïëîùàäè ôèãóðû, îãðàíèåí-

íîé êðèâîé, çàäàííîé ïàðàìåòðè÷åñêè

S =

b∫
a

f(x)dx =

∫ β

α

f(x(t))x′(t)dt =

∫ β

α

y(t)x′(t)dt. (12.6)

Ôîðìóëó (12.6) ìîæíî èñïîëüçîâàòü ïðè âû÷èñëåíèè ïëîùàäè ôèãóðû,

îãðàíè÷åííîé çàìêíóòîé êðèâîé (îáõîä êðèâîé â ïîëîæèòåëüíîì íàïðàâ-

ëåíèè � ïðè äâèæåíèè ïî êðèâîé ïðîòèâ ÷àñîâîé ñòðåëêè îáëàñòü îñòà-

åòñÿ ñëåâà).

III. Âû÷èñëåíèå ïëîùàäè êðèâîëèíåéíîãî ñåêòîðà, îãðàíè-

÷åííîãî êðèâîé, çàäàííîé â ïîëÿðíîé ñèñòåìå êîîðäèíàò.

-�
�
�
�
�
�
�
�

���������

�
�

�
�

�
�

�
�

��
















α

β

r = r(ϕ)
ϕiϕi+1

Âû÷èñëèì ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëó÷àìè ϕ = α, ϕ = β è

êðèâîé r = r(ϕ).

Ðàçîáüåì ôèãóðó ëóàìè α = ϕ0 < ϕ1 < . . . < ϕi < ϕi+1 < . . . < ϕn = β

íà ñåêòîðà. Êàæäûé êðèâîëèíåéíûé ñåêòîð çàìåíèì êðóãîâûì ñåêòîðîì

ðàäèóñà ri = r(ξi), ãäå ϕi 6 ξi 6 ϕi+1. Âåëè÷èíó i-ãî óãëà îáîçíà÷èì

∆ϕi = ϕi+1 − ϕi. Ïóñòü λ = max{∆ϕi}. Ïëîùàäü ôèãóðû, ñîñòàâëåííîé

èç êðóãîâûõ ñåêòîðîâ ðàâíà σ = 1
2

n−1∑
i=0

r2
i ∆ϕi. Áóäåì óâåëè÷èâàòü ÷èñëî

ñåêòîðîâ òàê, ÷òîáû λ → 0. Òîãäà ïëîùàäü ïîëó÷åííîé ôèãóðû áóäåò

âñå ìåíüøå îòëè÷àòüñÿ îò ïëîùàäè èñõîäíîé ôèãóðû. Ïëîùàäü êðèâî-
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ëèíåéíîãî ñåêòîðà âû÷èñëÿåòñÿ ïî ôîðìóëå

S = lim
λ→0

σ =
1

2

β∫
α

r2(ϕ)dϕ (12.7)

Ïðèìåð 12.1. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y = x3

è y = 3
√

x.

Ðåøåíèå . Âû÷èñëèì àáñöèññû òî÷åê ïåðåñå÷åíèÿ çàäàííûõ êðèâûõ,

äëÿ ÷åãî ñîñòàâèì ñèñòåìó óðàâíåíèé

{
y = x3

y = 3
√

x
. Ðåøèâ åå ïîëó÷èì

x1 = 0 è x2 = 1. Ñòðîèì èñêîìóþ ôèãóðó (ðèñ. 1). Åå ïëîùàäü âû÷èñëÿ-

åòñÿ ïî ôîðìóëå (12.2)

S =
1∫
0
( 3
√

x− x3)dx = 3
4

3
√

x4
∣∣∣1
0
− 1

4x4
∣∣∣1
0

= 3
4 −

1
4 = 1

2 .

Ïðèìåð 12.2. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé

y = x2

4 è ïðÿìûìè y = 8− x è y = 0.

Ðåøåíèå . Çàäàííàÿ ôèãóðà ñîñòîèò èç äâóõ ÷àñòåé (ðèñ. 2). Âû÷èñëèì

àáñöèññû òî÷åê ïåðåñå÷åíèÿ çàäàííûõ êðèâûõ, äëÿ ÷åãî ñîñòàâèì ñèñòå-

ìû óðàâíåíèé

{
y = x2

4
y = 8− x

,

{
y = x2

4
y = 0

è

{
y = 8− x

y = 0
.

Ðåøèâ èõ ïîëó÷èì x1 = 0, x2 = 4 è x3 = 8. Ïëîùàäü ôèãóðû âû-

÷èñëÿåòñÿ ïî ôîðìóëå S =
4∫
0

x2

4 dx +
8∫
4
(8 − x)dx = x3

12

∣∣∣4
0
+ (8x − x2

2 )
∣∣∣8
4

=

16
3 + 64− 32− 32 + 8 = 40

3 = 131
3 .

Ïðèìåð 12.3. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé

y =
(x + 6)2

3 è ïðÿìîé 2x− y = 12.

Ðåøåíèå . Âû÷èñëèì àáñöèññû òî÷åê ïåðåñå÷åíèÿ çàäàííûõ êðèâûõ,

äëÿ ÷åãî ñîñòàâèì ñèñòåìó óðàâíåíèé

 y =
(x + 6)2

3
y = 2x + 12

. Ðåøèâ åå ïîëó-

÷èì x1 = 0 è x2 = −6. Ñòðîèì èñêîìóþ ôèãóðó (ðèñ. 3). Åå ïëîùàäü

âû÷èñëÿåòñÿ ïî ôîðìóëå (12.2)
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S =
0∫

−6

(
2x + 12− (x + 6)2

3

)
dx =

(
x2 + 12x− (x + 6)3

9

)∣∣∣0
−6

= −36 +

72 + 216
9 = 36− 24 = 12.

Ïðèìåð 12.4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé{
y = 3 sin 2t

x = 4 sin t
.

Ðåøåíèå . Ôèãóðà ñèììåòðè÷íà îòíîñèòåëüíî îñåé êîîðäèíàò è íà÷àëà

êîîðäèíàò (ðèñ. 4), ïîýòîìó íàéäåì ïëîùàäü ÷àñòè ôèãóðû, ðàñïîëîæåí-

íîé â 1-îé ÷åòâåðòè è óìíîæèì íà 4.

S = 4
π/2∫
0

3 sin 2t · 4 cos tdt = 96
π/2∫
0

sin t cos2 tdt = −96
π/2∫
0

cos2 td(cos t) =

−96cos3 t
3

∣∣∣π/2

0
= 0− −96

3 = 32.

-
x

6
y

0 1

1
y = 3

√
x

y = x3

ðèñ.1

-
x

6
y

@
@

@
@

@
@

0 4 8

y = x2

4
y = 8− x

ðèñ.2

-
x

6
y

ðèñ.3

�
�

�
�

�
�

��

y =
(x + 6)2

3

y = 2x + 12

0−6

12

Ïðèìåð 12.5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé{
y = 9t− t3

x = t2 − 1
.

Ðåøåíèå . Çàìåòèì, ÷òî x > −1 è ïðè çàìåíå t íà −t x íå èçìåíÿåòñÿ,

à y ìåíÿåò çíàê. Èç ýòîãî ñëåäóåò, ÷òî ôèãóðà ñèììåòðè÷íà îòíîñèòåëü-

íî îñè OX è êðèâàÿ èìååò òî÷êó ñàìîïåðåñå÷åíèÿ, êîòîðàÿ ðàñïîëîæåíà

íà îñè OX. Íàéäåì ýòó òî÷êó. Èìååì y = 0 ïðè t = 0, t = ±3. Òî÷êà

ñàìîïåðåñå÷åíèÿ A(8; 0) (ðèñ. 5). Íàéäåì ïëîùàäü ÷àñòè ôèãóðû, ðàñïî-

ëîæåííîé â âåðõíåé ïîëóïëîñêîñòè è óìíîæèì åå íà 2. Ïëîùàäü âû÷èñ-

ëèì ïî ôîðìóëå (12.6).

S = 2
3∫
0
(9t−t3)2tdt = 4

3∫
0
(9t2−t4)dt = 4

(
9t3

3 − t5

5

)∣∣∣3
0

= 81−48, 6 = 32, 4.
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-
x

6
y

y=3 sin 2t
x=4 sin t

4−4

ðèñ.4

-
x

6
y

@
@

�
�

0−1 8

y=9t−t3

x=t2−1

ðèñ.5

-
x

6
y

r2 = a2 cos 2ϕ

a−a

ðèñ.6

Ïðèìåð 12.6. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëåìíèñêàòîé

Áåðíóëëè r2 = a2 cos 2ϕ.

Ðåøåíèå . Ôèãóðà ñèììåòðè÷íà îòíîñèòåëüíî îñåé êîîðäèíàò è íà÷àëà

êîîðäèíàò (ðèñ. 6), ïîýòîìó íàéäåì ïëîùàäü ÷àñòè ôèãóðû, ðàñïîëî-

æåííîé â 1-îé ÷åòâåðòè è óìíîæèì íà 4. Òàê êàê r2 > 0 è a2 > 0, òî

cos 2ϕ > 0. Òîãäà−π
2 +2πn 6 2ϕ > π

2 +2πn. Ñëåäîâàòåëüíî−π
4 6 ϕ 6 π

4
è 3π

4 6 ϕ 6 5π
4 . Ïëîùàäü âû÷èñëèì ïî ôîðìóëå (12.7).

S = 4
π/4∫
0

1
2a2 cos 2ϕdϕ = 2a2 sin 2ϕ

2

∣∣∣π/4

0
= a2.

Çàäàíèå 12.1. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé

y = x2 − 2x− 2 è ïðÿìîé y = x + 2.

Çàäàíèå 12.2. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé

y = x2 + 4x + 5 è ïðÿìîé y = 1− x.

Çàäàíèå 12.3. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé

y = −x2 + 6x− 3 è ïðÿìîé y = 7− x.

Çàäàíèå 12.4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïðÿìûìè

y = x, y = 2x− 1, y = 0, 5(x + 7).

Çàäàíèå 12.5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëàìè

y = x2 − 4x− 2 y = −x2 + 6x + 6.

Çàäàíèå 12.6. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé

y = (x− 3)2, ïðÿìîé y = x + 3 è îñüþ OX.

Çàäàíèå 12.7. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé

y = (x + 1)2, ïðÿìîé y = 10− 0, 5x è îñüþ OX.
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Çàäàíèå 12.8. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëàìè

y = x2 − 8x + 15 è îñÿìè êîîðäèíàò.

Çàäàíèå 12.9. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãèïåðáîëîé y =
6
x è ïðÿìîé y = 7− x.

Çàäàíèå 12.10. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè

y = x2

2 è y = 1
x2 + 1

.

Çàäàíèå 12.11. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãèïåðáîëîé

y = 8
x è ïðÿìûìè y = 2x, y = 0, 5x.

Çàäàíèå 12.12. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè

y = e2x, y = e3−x è ïðÿìîé y = 1.

Çàäàíèå 12.13. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé

y2 = x2(4− x).

Çàäàíèå 12.14. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé

y = 3 cos2 t, x = 4 sin3 t è îñüþ OX (t ∈ [0; π]).

Çàäàíèå 12.15. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé

y = t4 − 4t3 + 4t2 − 4t + 3, x = t2 + 3 è îñüþ OX (t ∈ [1; 3]).

Çàäàíèå 12.16. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé

y = t4 + 2t3 − t2 − t + 5, x = ln t + 1 è îñüþ OX (t ∈ [1; 3]).

Çàäàíèå 12.17. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé öèêëîèäîé

y = 3(t + sin t), x = 3(1 + cos t).

Çàäàíèå 12.18. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êàðäèîèäîé

r = 3(1 + cos ϕ).

Çàäàíèå 12.19. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé

r = 4(cos3 ϕ
√

sin 2ϕ).

Çàäàíèå 12.20. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ÷åòûðåõëå-

ïåñòêîâîé ðîçîé r = 16 cos 4ϕ.
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�13. Ïðèìåíåíèå îïðåäåëåííîãî èíòåãðàëà äëÿ âû÷èñëåíèÿ

äëèíû äóãè êðèâîé.

Ïóñòü äàíà êðèâàÿAB. Ðàçäåëèì åå íà n ÷àñòåé òî÷êàìèA = A0, A1, . . . ,

Ai, Ai+1, . . . , An = B. Ïîñòðîèì ëîìàíóþ A0A1 . . . AiAi+1 . . . An. Îáîçíà-

÷èì ÷åðåç λ äëèíó ñàìîãî áîëüøîãî çâåíà ëîìàíîé:

λ = max{|A0A1|, . . . , |AiAi+1|, . . . , |An−1An|}.
Êîíå÷íûé ïðåäåë, ê êîòîðîìó ñòðåìèòñÿ äëèíà ëîìàíîé ïðè λ → 0

íàçûâàåòñÿ äëèíîé êðèâîé AB. Åñëè ïðåäåë ñóùåñòâóåò, òî êðèâàÿ íà-

çûâàåòñÿ ñïðÿìëÿåìîé.

Íàéäåì äëèíó çâåíà AiAi+1. Åñëè èçâåñòíû êîîðäèíàòû òî÷åê, êîòî-

ðûå ÿâëÿþòñÿ íà÷àëîì è êîíöîì çâåíà Ai(xi; yi) è Ai+1(xi+1; yi+1), òî ïî

òåîðåìå Ïèôàãîðà li =
√

(∆xi)2 + (∆yi)2. Òîãäà äëèíà ëîìàíîé

l̃ =
n−1∑
i=0

√
(∆xi)2 + (∆yi)2.

à) Êðèâàÿ çàäàíà ïàðàìåòðè÷åñêè

{
x = x(t)

y = y(t)
.

Åñëè t ∈ [α; β], òî ïàðà (x(t); y(t)) çàäàåò âñå òî÷êè êðèâîé. Ïóñòü ôóíê-

öèè x(t) è y(t) � äèôôåðåíöèðóåìû. Òîãäà ïî òåîðåìå Ëàãðàíæà

∆xi = x′(τi)∆ti, ∆yi = y′(τ ′i)∆ti, ãäå τi, τ
′
i ∈ [ti; ti+1].

Äëèíà ëîìàíîé l̃ =
n−1∑
i=0

√
(x′(τi))2 + (y′(τ ′i))

2 ∆ti. Ïðè λ → 0 äëèíà

ëîìàíîé ïðèáëèæàåòñÿ ê äëèíå êðèâîé. Ïîëó÷àåì ôîðìóëó äëÿ âû÷èñ-

ëåíèÿ äëèíû äóãè êðèâîé

l =

β∫
α

√
(x′(t))2 + (y′(t))2 dt (13.1)

á) Êðèâàÿ çàäàíà ÿâíî y = y(x), è x ∈ [a; b].

Ïðåäñòàâèì, ÷òî êðèâàÿ çàäàíà ïàðàìåòðè÷åñêè, ïîëîæèâ

{
y = y(x)

x = x
.
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Ïðèìåíèâ ôîðìóëó (13.1), ïîëó÷èì

l =

β∫
α

√
1 + (y′(x))2 dx (13.2)

â) Êðèâàÿ çàäàíà â ïîëÿðíîé ñèñòåìå êîîðäèíàò r = r(ϕ) è ϕ ∈ [α; β].

Ñíîâà ïåðåéäåì ê ïàðàìåòðè÷åñêîìó çàäàíèþ êðèâîé

{
y = r(ϕ) cos ϕ

x = r(ϕ) sin ϕ
.

Íàéäåì ïðîèçâîäíûå y′ = r′(ϕ) cos ϕ − r(ϕ) sin ϕ, x′ = r′(ϕ) sin ϕ +

r(ϕ) cos ϕ è ïîäñòàâèì èõ â ôîðìóëó (13.1). Ïðèìåíèâ îñíîâíîå òðèãî-

íîìåòðè÷åñêîå òîæäåñòâî, ïîëó÷èì

l =

β∫
α

√
r2 + (r′)2 dϕ (13.3)

ã) Ïðîñòðàíñòâåííàÿ êðèâàÿAB çàäàíà ïàðàìåòðè÷åñêè


x = x(t)

y = y(t)

z = z(t)

,

ãäå t ∈ [α; β] è ôóíêöèè x(t), y(t), z(t) � äèôôåðåíöèðóåìû. Ïðîâåäÿ

âñå ðàññóæäåíèÿ àíàëîãè÷íî ñëó÷àþ à), ïîëó÷èì

l =

β∫
α

√
(x′(t))2 + (y′(t))2(z′(t))2 dt (13.4)

Ïðèìåð 13.1. Âû÷èñëèòå äëèíó äóãè àñòðîèäû

{
x = 4 cos3 t

y = 4 sin3 t
.

Ðåøåíèå . Êðèâàÿ ñèììåòðè÷íà îòíîñèòåëüíî îñåé êîîðäèíàò è íà÷àëà

êîîðäèíàò, ïîýòîìó íàéäåì äëèíó ÷àñòè êðèâîé, ðàñïîëîæåííîé â 1-îé

÷åòâåðòè è óìíîæèì íà 4. Ïàðàìåòð t � ýòî óãîë, îáðàçóåìûé ðàäèóñ-

âåêòîðîì òî÷êè ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè OX, ñëåäîâàòåëüíî,

t ∈ [0; π/2]. Âû÷èñëèì ïðîèçâîäíûå è íàéäåì ïîäèíòåãðàëüíóþ ôóíê-

öèþ x′ = −12 cos2 t sin t, y′ = 12 sin2 t cos t.√
(x′)2 + (y′)2 =

√
144 cos4 t sin2 t + 144 sin4 t cos2 t =
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= 12 sin t cos t
√

sin2 t + cos2 t = 12 sin t cos t.

âû÷èñëèì äëèíó äóãè êðèâîé, ëåæàùåé â 1-îé ÷åòâåðòè

l1 =
π/2∫
0

12 sin t cos tdt =
π/2∫
0

12 sin td(sin t) = 6 sin2 t
∣∣∣π/2

0
= 6.

Òîãäà äëèíà âñåé êðèâîé l = 4l1 = 24.

Ïðèìåð 13.2. Âû÷èñëèòå äëèíó äóãè ïîëóêóáè÷åñêîé ïàðàáîëû

9y2 = x3 ïðè x ∈ [0; 21].

Ðåøåíèå . Êðèâàÿ ñèììåòðè÷íà îòíîñèòåëüíî îñè OX, ïîýòîìó íàéäåì

äëèíó ÷àñòè êðèâîé, ðàñïîëîæåííîé â 1-îé ÷åòâåðòè è óìíîæèì íà 2. Â

1-îé ÷åòâåðòè y =

√
x3

3 . Òîãäà y′ =

√
x

2 . Äëèíà äóãè

l1 =
21∫
0

√
1 + x

4 dx =
21∫
0

√
4 + x
2 dx =

√
(4 + x)3

3

∣∣∣∣21

0
= 125− 8

3 = 39.

Äëèíà âñåé êðèâîé l = 2l1 = 78.

Ïðèìåð 13.3. Âû÷èñëèòå äëèíó äóãè êðèâîé r = 3 cos6 ϕ
6 .

Ðåøåíèå . ×òîáû íàéòè ïðè êàêèõ çíà÷åíèÿõ àðãóìåíòà ïîëó÷àåòñÿ

îäèí âèòîê êðèâîé r = 3 cos6 ϕ
6 , ïðèðàâíÿåì ðàäèóñ 0. Èìååì cos

ϕ
6 = 0,

åñëè ϕ
6 = π

2 + πn. Òàêèì îáðàçîì, ïîëó÷àåì ϕ ∈ [−3π; 3π]. Âû÷èñ-

ëèì ïðîèçâîäíóþ r′ = −3 cos5 ϕ
6 sin

ϕ
6 è ïîäèíòåãðàëüíóþ ôóíêöèþ√

r2 + (r′)2 =
√

9 cos12 ϕ
6 + 9 cos10 ϕ

6 sin2 ϕ
6 = 3 cos5 ϕ

6 . Äëèíà äóãè êðè-

âîé l =
3π∫

−3π

3 cos5 ϕ
6 dϕ = 18

3π∫
−3π

(1−sin2 ϕ
6 )2d(sin

ϕ
6 ) = 18

(
sin

ϕ
6 −

2
3 sin3 ϕ

6+

+1
5 sin5 ϕ

6

)∣∣∣3π

−3π
= 18

(
1− 2

3 + 1
5 + 1− 2

3 + 1
5

)
= 16

15 .

Çàäàíèå 13.1. Âû÷èñëèòå äëèíó äóãè êðèâîé y =
√

x− x2 + arcsin
√

x.

Çàäàíèå 13.2. Âû÷èñëèòå äëèíó äóãè êðèâîé y2 = 1
2
√

3
(x + 2)3, åñëè

x ∈ [−2; 5].

Çàäàíèå 13.3. Âû÷èñëèòå äëèíó äóãè êðèâîé

y = t3 − 4t + 4, x = 4
√

3t2 + 2, åñëè t ∈ [1; 3].

Çàäàíèå 13.4. Âû÷èñëèòå äëèíó äóãè êðèâîé

y = (t2 − 2) sin t + 2t cos t, x = (2− t2) cos t + 2t sin t, åñëè t ∈ [0; π].
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Çàäàíèå 13.5. Âû÷èñëèòå äëèíó äóãè êðèâîé

y = 6 sin 2t + 2 cos 6t, x = 6 cos 2t− 2 sin 6t, åñëè t ∈ [0; π].

Çàäàíèå 13.6. Âû÷èñëèòå äëèíó äóãè êðèâîé r = 5 cos4 ϕ
4 .

Çàäàíèå 13.7. Âû÷èñëèòå äëèíó äóãè êðèâîé r = 2(1 + sin ϕ).

�14. Ïðèìåíåíèå îïðåäåëåííîãî èíòåãðàëà äëÿ âû÷èñëåíèÿ

îáúåìîâ òåë âðàùåíèÿ.

Ïóñòü íà [a; b] çàäàíà íåîòðèöàòåëüíàÿ ôóíêöèÿ y = f(x). Ïîñòàâèì

çàäà÷ó íàéòè îáúåì òåëà, ïîëó÷åííîãî âðàùåíèåì âîêðóã îñè OX êðè-

âîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé êðèâîé y = f(x), è ïðÿìûìè x = a,

x = b. Äëÿ âû÷èñëåíèÿ îáúåìà ýòîãî òåëà íàéäåì îáúåì òåëà, ñîñòàâëåí-

íîãî èç êðóãîâûõ öèëèíäðîâ.

-
x

6
y

Ðàçîáüåì îòðåçîê [a; b] íà n ÷àñòåé òî÷êàìè a = x0 < x1 < . . . <

xi < xi+1 < . . . < xn = b. Äëÿ êàæäîãî i = 0, n− 1 ðàññìîòðèì îòðåçîê

[xi; xi+1]. Äëèíû ýòèõ îòðåçêîâ ∆xi = xi+1−xi. Íà êàæäîì îòðåçêå âûáå-

ðåì òî÷êó ξi ∈ [xi; xi+1], âû÷èñëèì çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ f(ξi).

Íàéäåì îáúåìû öèëèíäðîâ, ðàäèóñû îñíîâàíèé êîòîðûõ ðàâåí f(ξi), à

âûñîòà � ∆xi. Òîãäà îáúåì ñòóïåí÷àòîãî òåëà ðàâåí Ṽ =
n−1∑
i=0

πf 2(ξi)∆xi.

Îáîçíà÷èì λ = max{∆x1, ∆x2, . . . , ∆xn}, Òîãäà îáúåì òåëà âðàùåíèÿ

ðàâåí V = lim
λ→0

n−1∑
i=0

πf 2(ξi)∆xi. Ïî îïðåäåëåíèþ îïðåäåëåííîãî èíòåãðàëà

V = π

b∫
a

f 2(x) dx. (14.1)
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Ïðèìåð 14.1. Âû÷èñëèòå îáúåì òåëà, ïîëó÷åííîãî âðàùåíèåì ïàðàáî-

ëû y = x2 âîêðóã îñè OX, åñëè 0 6 x 6 2.

Ðåøåíèå . Ñîãëàñíî ôîðìóëå (14.1)

V = π
2∫
0
(x2)2dx = π

2∫
0

x4dx = π x5

5

∣∣∣∣2
0

= 32π
5 .

Ïðèìåð 14.2. Âû÷èñëèòå îáúåì òåëà, ïîëó÷åííîãî âðàùåíèåì ïàðàáî-

ëû y = x2 âîêðóã îñè OY , åñëè 0 6 x 6 2.

Ðåøåíèå . Òàê êàê âðàùåíèå ïðîèñõîäèò âîêðóã îñè OY , òî y � íåçà-

âèñèìàÿ ïåðåìåííàÿ, à x = f(y). Èìååì x =
√

y è 0 6 y 6
√

2. Ôîðìóëà

(14.1) ïðèìåò âèä V = π
d∫
c

f 2(y) dy. Ïîëó÷àåì

V = π

√
2∫

0
(
√

y)2dy = π

√
2∫

0
ydy = π

y2

2

∣∣∣∣
√

2

0
= 2π

2 = π.

�15. Íåñîáñòâåííûå èíòåãðàëû ïåðâîãî ðîäà.

Â îïðåäåëåííîì èíòåãðàëå
b∫
a

f(x) dx îãðàíè÷åííàÿ ôóíêöèÿ f(x) îïðå-

äåëåíà íà êîíå÷íîì îòðåçêå [a; b]. Åñëè íàðóøàåòñÿ õîòÿ áû îäíî èç ýòèõ

óñëîâèé, òî èíòåãðàë íå ÿâëÿåòñÿ îïðåäåëåííûì. Îáîáùèì ïîíÿòèå îïðå-

äåëííîãî èíòåãðàëà íà ñëó÷àé, êîãäà ïðîìåæóòîê èíòåãðèðîâàíèÿ áåñ-

êîíå÷åí.

Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà íà ïðîìåæóòêå [a;∞) è èíòåãðèðóåìà

íà ëþáîì êîíå÷íîì ïðîìåæóòêå [a; A], òî åñòü äëÿ ëþáîãî A > a ñóùå-

ñòâóåò èíòåãðàë
A∫
a

f(x)dx. Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë lim
A→∞

A∫
a

f(x)dx,

òî îí íàçûâàåòñÿ íåñîáñòâåííûì èíòåãðàëîì ïåðâîãî ðîäà îò ôóíêöèè

f(x) íà [a;∞) è îáîçíà÷àåòñÿ

+∞∫
a

f(x) dx = lim
A→∞

A∫
a

f(x) dx. (15.1)

Åñëè êîíå÷íûé ïðåäåë îïðåäåëåííîãî èíòåãðàëà ñóùåñòâóåò, òî ãîâîðÿò,
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÷òî íåñîáñòâåííûé èíòåãðàë (15.1) ñõîäèòñÿ, à åñëè ïðåäåë íå ñóùåñòâó-

åò, òî ãîâîðÿò, ÷òî èíòåãðàë (15.1) ðàñõîäèòñÿ.

Àíàëîãè÷íî îïðåäåëÿåì íåñîáñòâåííûå èíòåãðàëû ïî ïðîìåæóòêàì

(−∞; b] è (−∞;∞) ñîîòâåòñòâåííî

b∫
−∞

f(x) dx = lim
B→−∞

b∫
B

f(x) dx. (15.2)

+∞∫
−∞

f(x) dx = lim
A→∞

B→−∞

A∫
B

f(x) dx. (15.3)

Ãîâîðÿò, ÷òî íåñîáñòâåííûé èíòåãðàë
+∞∫
−∞

f(x) dx ñõîäèòñÿ â ñìûñëå

ãëàâíîãî çíà÷åíèÿ, åñëè ñóùåñòâóåò ïðåäåë

+∞∫
−∞

f(x) dx = lim
A→+∞

A∫
−A

f(x) dx. (15.4)

Ñóùåñòâóþò ïðèìåðû, êîãäà èíòåãðàë ñõîäèòñÿ â ñìûñëå ãëàâíîãî çíà-

÷åíèÿ è ðàñõîäèòñÿ â îáû÷íîì ñìûñëå.

Íåñîáñòâåííûé èíòåãðàë
+∞∫
a

f(x) dx íàçûâàåòñÿ ñõîäÿùèìñÿ àáñîëþò-

íî, åñëè ñõîäèòñÿ èíòåãðàë
+∞∫
a

|f(x)| dx.

Òåîðåìà 15.1. Åñëè èíòåãðàë
+∞∫
a

|f(x)| dx ñõîäèòñÿ, òî èíòåãðàë

+∞∫
a

f(x) dx òàêæå ñõîäèòñÿ.

Çàìåòèì, ÷òî èç ñõîäèìîñòè èíòåãðàëà
+∞∫
a

f(x) dx íå ñëåäóåò ñõîäè-

ìîñòü èíòåãðàëà
+∞∫
a

|f(x)| dx.

Òàê êàê íåñîáñòâåííûé èíòåãðàë ïåðâîãî ðîäà îïðåäåëÿåòñÿ êàê ïðå-

äåë îïðåäåëåííîãî èíòåãðàëà, òî îí îáëàäàåòñÿ ìíîãèìè ñâîéñòâàìè îïðå-

äåëåííîãî èíòåãðàëà.
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Ïî ñâîéñòâàì îïðåäåëåííîãî èíòåãðàëà èìååì
+∞∫
a

f(x) dx =
b∫
a

f(x) dx+

+
+∞∫
b

f(x) dx, ïîýòîìó èíòåãðàëû
+∞∫
a

f(x) dx è
+∞∫
b

f(x) dx ñõîäÿòñÿ èëè

ðàñõîäÿòñÿ îäíîâðåìåííî.

Çàìåòèì, ÷òî ñàìî âû÷èñëåíèå íåñîáñòâåííîãî èíòåãðàëà îñíîâàíî íà

åãî îïðåäåëåíèè. Ïóñòü F (x) � ïåðâîîáðàçíàÿ äëÿ ôóíêöèè f(x) íà

[a;∞), òî

+∞∫
a

f(x) dx = lim
A→+∞

A∫
a

f(x) dx = lim
A→+∞

F (x)
∣∣∣A
a

= F (+∞)− F (a), (15.5)

ãäå F (+∞) = lim
A→+∞

F (A). Ïîëó÷èëè îáîáùåíèå ôîðìóëû Íüþòîíà-

Ëåéáíèöà íà áåñêîíå÷íûé ïðîìåæóòîê.

Àíàëîãè÷íî

b∫
−∞

f(x) dx = lim
B→−∞

F (x)
∣∣∣b
B

= F (b)− F (−∞), (15.6)

+∞∫
−∞

f(x) dx = lim
A→+∞
B→−∞

F (x)
∣∣∣A
B

= F (+∞)− F (−∞), (15.7)

Ïðèìåð 15.1. Âû÷èñëèòå èíòåãðàë
+∞∫
a

dx
x (a > 0).

Ðåøåíèå .
+∞∫
a

dx
x = lim

A→+∞
ln x

∣∣∣A
0

= lim
A→+∞

ln A− ln a = +∞.

Ïðèìåð 15.2. Âû÷èñëèòå èíòåãðàë
+∞∫
a

dx
xα (a > 0, α 6= 1).

Ðåøåíèå . Èìååì I =
+∞∫
a

dx
xα = lim

A→+∞

A∫
a

x−αdx = lim
A→+∞

x1−α

1− α

∣∣∣A
a

=

= 1
1− α lim

A→+∞
(A1−α − a1−α).

Åñëè 1 − α > 0, òî lim
A→+∞

A1−α = ∞, òî åñòü ïðè α < 1 èìååì I → ∞
è èíòåãðàë ðàñõîäèòñÿ.
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Åñëè 1−α < 0, òî lim
A→+∞

A1−α = 0, òî åñòü ïðè α > 1 èìååì I = a1−α

α− 1
è èíòåãðàë ñõîäèòñÿ.

Ïðèìåð 15.3. Âû÷èñëèòå èíòåãðàë
+∞∫
1

dx
x2 + 1

.

Ðåøåíèå .
+∞∫
1

dx
x2 + 1

= lim
A→+∞

+∞∫
1

dx
x2 + 1

= lim
A→+∞

arctg x
∣∣∣A
1

=

= lim
A→+∞

arctg A− arctg 1 = π
2 −

π
4 = π

4 .

Ïðèìåð 15.4. Âû÷èñëèòå èíòåãðàë
+∞∫
−∞

xdx
x2 + 1

.

Ðåøåíèå .
+∞∫
−∞

xdx
x2 + 1

= lim
A→+∞
B→−∞

A∫
B

xdx
x2 + 1

= lim
A→+∞
B→−∞

1
2 ln(x2 + 1)

∣∣∣A
B

=

= lim
A→+∞
B→−∞

ln(A2 + 1)− ln(B2 + 1)
2 = ln

√
A2 + 1
B2 + 1

.

Ïîëó÷èëè íåîïðåäåëeííîñòü. Â ñàìîì äåëå, åñëè A = 2B, òî

lim
A→+∞
B→−∞

ln

√
A2 + 1
B2 + 1

= ln 4; åñëè B = 2A, òî lim
A→+∞
B→−∞

ln

√
A2 + 1
B2 + 1

= − ln 4.

Ñëåäîâàòåëüíî, èíòåãðàë ðàñõîäèòñÿ.

Ïðèìåð 15.5. Âû÷èñëèòå èíòåãðàë
+∞∫
−∞

xdx
x2 + 1

â ñìûñëå ãëàâíîãî çíà÷å-

íèÿ.

Ðåøåíèå .
+∞∫
−∞

xdx
x2 + 1

= lim
A→+∞

A∫
−A

xdx
x2 + 1

= lim
A→+∞

1
2 ln(x2 + 1)

∣∣∣A
−A

=

= lim
A→+∞

ln(A2 + 1)− ln((−A)2 + 1)
2 = 0. Èíòåãðàë ñõîäèòñÿ.

Íå âñåãäà ñõîäèìîñòü èíòåãðàëà (15.1) ìîæíî äîêàçàòü ïî îïðåäåëå-

íèþ èëè âû÷èñëèòü èíòåãðàë ïî ôîðìóëå Íüþòîíà-Ëåéáíèöà. Äëÿ èñ-

ñëåäîâàíèÿ ñõîäèìîñòè èíòåãðàëà ïðèìåíÿþò ñïåöèàëüíûå ïðèçíàêè.

Òåîðåìà 15.2. 1-ûé ïðèçíàê ñðàâíåíèÿ. Ïóñòü ôóíêöèè f(x) è g(x)

îïðåäåëåíû, íåïðåðûâíû è ïîëîæèòåëüíû íà [a;∞) è ïðè x > b ñïðà-

âåäëèâî íåðàâåíñòâî f(x) 6 g(x).

Åñëè èíòåãðàë
+∞∫
a

g(x)dx ñõîäèòñÿ, òî èíòåãðàë
+∞∫
a

f(x)dx ñõîäèòñÿ.
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Åñëè èíòåãðàë
+∞∫
a

g(x)dx ðàñõîäèòñÿ, òî èíòåãðàë
+∞∫
a

f(x)dx ðàñõî-

äèòñÿ.

Òåîðåìà 15.3. 2-ûé ïðèçíàê ñðàâíåíèÿ. Ïóñòü ôóíêöèè f(x) è g(x)

îïðåäåëåíû, íåïðåðûâíû è ïîëîæèòåëüíû íà [a;∞).

Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë lim
x→∞

f(x)
g(x)

= K (0 < K < ∞), òî èí-

òåãðàëû
+∞∫
a

g(x)dx è
+∞∫
a

f(x)dx ñõîäÿòñÿ èëè ðàñõîäÿòñÿ îäíîâðåìåííî.

Ïðè ïðèìåíåíèè ïðèçíàêîâ ñðàâíåíèÿ ÷àñòî â êà÷åñòâå ýòàëîííîé ôóíê-

öèè èñïîëüçóþò ôóíêöèþ g(x) = 1
xα , ñõîäèìîñòü êîòîðîé ìû óæå ðàñ-

ñìîòðåëè
+∞∫
a

dx

xα ⇒

{
α > 1 èíòåãðàë ñõîäèòñÿ,

α 6 1 èíòåãðàë ðàñõîäèòñÿ.
(15.8)

Ïðèìåð 15.6. Èññëåäóéòå ñõîäèìîñòü èíòåãðàëà
+∞∫
1

x arctg x
3
√

x8 + 3
dx.

Ðåøåíèå . Ïðèìåíèì âòîðîé ïðèçíàê ñðàâíåíèÿ

+∞∫
a

dx
xα = lim

x→∞

x arctg x
3
√

x8 + 3
1

xα

= lim
x→∞

xα · x · arctg x
3
√

x8 + 3
= lim

x→∞
xα+1 · arctg x

3
√

x8 + 3
= π

2

ïðè α + 1 = 8
3 . Òàê êàê α = 5

3 > 1, òî
+∞∫
a

dx
xα ñõîäèòñÿ è ïî âòîðîìó

ïðèçíàêó ñðàâíåíèÿ èñêîìûé èíòåãðàë òàêæå ñõîäèòñÿ.

Ïðèìåð 15.7. Èññëåäóéòå ñõîäèìîñòü èíòåãðàëà
+∞∫
a

dx
ln x

.

Ðåøåíèå . Ïðèìåíèì âòîðîé ïðèçíàê ñðàâíåíèÿ. Èìååì 1
ln x

> 1
x . Òàê

êàê èíòåãðàë
+∞∫
a

dx
x îò ìåíüøåé ôóíêöèè ðàñõîäèòñÿ (α = 1), òî èíòå-

ãðàë
+∞∫
a

dx
ln x

îò áîëüøåé ôóíêöèè òàêæå ðàñõîäèòñÿ.

Ïðèìåð 15.8. Èññëåäóéòå ñõîäèìîñòü èíòåãðàëà
+∞∫
a

dx
ln x

.

46



Ðåøåíèå . Ïðèìåíèì âòîðîé ïðèçíàê ñðàâíåíèÿ. Èìååì 1
ln x

> 1
x . Òàê

êàê èíòåãðàë
+∞∫
a

dx
x îò ìåíüøåé ôóíêöèè ðàñõîäèòñÿ (α = 1), òî èíòå-

ãðàë
+∞∫
a

dx
ln x

îò áîëüøåé ôóíêöèè òàêæå ðàñõîäèòñÿ.

Çàäàíèå 15.1. Âû÷èñëèòå èíòåãðàëû

à)
+∞∫
1

dx
x2(x + 2)

; á)
+∞∫
1

ln x
x3 dx.

Çàäàíèå 15.2. Èññëåäóéòå ñõîäèìîñòü èíòåãðàëîâ

à)
+∞∫
0

(x2 + 1)dx
x3 − 4x2 + 9

; á)
+∞∫
1

(3x− 4)dx√
x5 + 3x2 + 5x + 1

; â)
+∞∫
1

x13dx
(x4 − 3x + 17)5 .

�16. Íåñîáñòâåííûå èíòåãðàëû âòîðîãî ðîäà.

Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà íà ïðîìåæóòêå [a; b] è íå îãðàíè÷åíà

íà íåì. Åñëè lim
x→c

f(x) = ∞, òî òî÷êó c íàçûâàþò îñîáîé òî÷êîé.

Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà è íåïðåðûâíà íà ïðîìåæóòêå [a; b) è

íå îãðàíè÷åíà â îêðåñòíîñòè òî÷êè b, òî åñòü lim
x→b

f(x) = ∞. Íà ëþáîì

îòðåçêå [a; b− δ] (δ > 0) ôóíêöèÿ f(x) èíòåãðèðóåìà, òî åñòü ñóùåñòâóåò
b−δ∫
a

f(x)dx. Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë lim
δ→0

b−δ∫
a

f(x)dx, òî åãî íà-

çûâàþò íåñîáñòâåííûì èíòåãðàëîì 2-ãî ðîäà îò ôóíêöèè f(x) íà [a; b].

b∫
a

f(x)dx = lim
δ→0

b−δ∫
a

f(x)dx (16.1)

Åñëè â ôîðìóëå (16.1) êîíå÷íûé ïðåäåë ñóùåñòâóåò, òî ãîâîðÿò, ÷òî

èíòåãðàë ñõîäèòñÿ, åñëè ïðåäåë áåñêîíå÷íå èëè íå ñóùåñòâóåò, òî ãîâî-

ðÿò, ÷òî èíòåãðàë ðàñõîäèòñÿ.

Àíàëîãè÷íî ââîäèòñÿ íåñîáñòâåííûé èíòåãðàë îò íåïðåðûâíîé íà (a; b]

è íåîãðàíè÷åííîé â òî÷êå a ôóíêöèè f(x)

b∫
a

f(x)dx = lim
δ→0

b∫
a+δ

f(x)dx (16.2)
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Åñëè c ∈ (a; b) � âíóòðåííÿÿ òî÷êà ïðîìåæóòêà è ôóíêöèÿ f(x) íå

îãðàíè÷åíà â îêðåñòíîñòè òî÷êè c, òî

b∫
a

f(x)dx = lim
δ1→0

c−δ1∫
a

f(x)dx + lim
δ2→0

b∫
c+δ2

f(x)dx (16.3)

Äëÿ âû÷èñëåíèÿ íåñîáñòâåííîãî èíòåãðàëà 2-ãî ðîäà òàêæå ïðèìåíèìà

ôîðìóëà Íüþòîíà-Ëåéáíèöà. Åñëè F (x) � ïåðâîîáðàçíàÿ äëÿ f(x), b �

îñîáàÿ òî÷êà ôóíêöèè, òî

b∫
a

f(x)dx = lim
δ→0

F (x)
∣∣∣b−δ

a
= lim

δ→0
F (b− δ)− F (a) = F (b)− F (a) (16.4)

Ïðèìåð 16.1. Âû÷èñëèòå
1∫
0

dx√
1− x2

.

Ðåøåíèå . Èìååì
1∫
0

dx√
1− x2

= lim
δ→0

1−δ∫
0

dx√
1− x2

= lim
δ→0

arcsin x
∣∣∣1−δ

0
=

lim
δ→0

arcsin(1− δ)− arcsin 0 = π
2 .

Ïðèìåð 16.2. Âû÷èñëèòå
b∫
a

dx
(x− a)α (α > 0)

Ðåøåíèå . Ïóñòü α = 1. Èìååì
b∫
a

dx
x− adx = lim

δ→0
ln(x − a)

∣∣∣b
a+δ

=

= ln b− lim
δ→0

ln δ = ∞. Èíòåãðàë ðàñõîäèòñÿ.

Ïóñòü 0 < α < 1. Èìååì
b∫
a

dx
(x− a)α = lim

δ→0

(x− a)1−α

1− α

∣∣∣b
a+δ

=

=
(b− a)1−α

1− α − lim
δ→0

δ1−α

1− α =
(b− a)1−α

1− α . Èíòåãðàë ñõîäèòñÿ.

Ïóñòü α > 1. Èìååì
b∫
a

dx
(x− a)αdx = lim

δ→0

(x− a)1−α

1− α

∣∣∣b
a+δ

=

= 1
(b− a)α−1(1− α)

− lim
δ→0

1
δα−1(1− α)

= ∞. Èíòåãðàë ðàñõîäèòñÿ.
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Èòàê ïîëó÷èëè, ÷òî

b∫
a

dx

(x− a)α ⇒

{
ïðè α > 1 ðàñõîäèòñÿ,

ïðè α < 1 ñõîäèòñÿ.
(16.5)

Äëÿ èññëåäîâàíèÿ ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ 2-ãî ðîäà

òàêæå ïðèìåíÿþò ïðèçíàêè ñðàâíåíèÿ.

Òåîðåìà 16.1. 1-ûé ïðèçíàê ñðàâíåíèÿ. Ïóñòü ôóíêöèè f(x) è

g(x) îïðåäåëåíû, íåïðåðûâíû è ïîëîæèòåëüíû íà [a; b), íåîãðàíè÷åíû â

îêðåñòíîñòè òî÷êè b è íà [a; b) ñïðàâåäëèâî íåðàâåíñòâî f(x) 6 g(x).

Åñëè èíòåãðàë
b∫
a

g(x)dx ñõîäèòñÿ, òî èíòåãðàë
b∫
a

f(x)dx ñõîäèòñÿ. Åñ-

ëè èíòåãðàë
b∫
a

g(x)dx ðàñõîäèòñÿ, òî èíòåãðàë
b∫
a

f(x)dx ðàñõîäèòñÿ.

Òåîðåìà 16.2. 2-ûé ïðèçíàê ñðàâíåíèÿ. Ïóñòü ôóíêöèè f(x) è g(x)

îïðåäåëåíû, íåïðåðûâíû è ïîëîæèòåëüíû íà [a; b) è íåîãðàíè÷åíû â

îêðåñòíîñòè òî÷êè b.

Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë lim
x→b

f(x)
g(x)

= K (0 < K < ∞), òî èí-

òåãðàëû
b∫
a

g(x)dx è
b∫
a

f(x)dx ñõîäÿòñÿ èëè ðàñõîäÿòñÿ îäíîâðåìåííî.

Â êà÷åñòâå ôóíêöèé-ýòàëîíîâ áåðóò ñëåäóþùèå ôóíêöèè. Åñëè a �

îñîáàÿ òî÷êà, òî g(x) = 1
(x− a)α . Åñëè b � îñîáàÿ òî÷êà, òî g(x) =

1
(b− x)α . Ñõîäèìîñòü èíòåãðàëîâ îò ýòèõ ôóíêöèé ìû óæå ðàññìîòðåëè.

Ïðèìåð 16.3. Èññëåäóéòå ñõîäèìîñòü èíòåãðàëà
1∫
0

dx√
x− sin x

.

Ðåøåíèå . Ïðèìåíèì 2-îé ïðèçíàê ñðàâíåíèÿ. Â êà÷åñòâå ýòàëîíà ðàñ-

ñìîòðèì ôóíêöèþ g(x) = 1
xα . Èìååì lim

x→0

1√
x− sin x

1

xα

= lim
x→0

xα
√

x− sin x
=

lim
x→0

xα

√
x

(
1− sin x√

x

) = 1 ïðè α = 1
2 . Èíòåãðàë ñõîäèòñÿ.
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Ïðèìåð 16.4. Èññëåäóéòå ñõîäèìîñòü èíòåãðàëà
∞∫
1

dx√
x3 − 1

.

Ðåøåíèå . Èíòåãðàë ÿâëÿåòñÿ íåñîáñòâåííûì èíòåãðàëîì êàê 1-ãî, òàê

è 2-ãî ðîäà. Ïðåäñòàâèì åãî â âèäå ñóììû äâóõ èíòåãðàëîâ
∞∫
1

dx√
x3 − 1

=
2∫
1

dx√
x3 − 1

+
∞∫
2

dx√
x3 − 1

.

Äëÿ íåñîáñòâåííîãî èíòåãðàëà 2-ãî ðîäà
2∫
1

dx√
x3 − 1

îñîáîé òî÷êîé ÿâ-

ëÿåòñÿ x = 1. Âîçüìåì ôóíêöèþ-ýòàëîí g(x) = 1
(x− 1)α . Èìååì

lim
x→1

1√
x3 − 1
1

(x− 1)α

= lim
x→1

(x− 1)α√
(x− 1)(x2 − x + 1)

= 1√
3
ïðè α = 1

2 . Èíòåãðàë

ñõîäèòñÿ.

Äëÿ íåñîáñòâåííîãî èíòåãðàëà 1-ãî ðîäà
∞∫
2

dx√
x3 − 1

âîçüìåì ôóíêöèþ-

ýòàëîí g(x) = 1
xβ . Èìååì lim

x→∞

1√
x3 − 1
1

xβ

= 1 ïðè β = 3
2 . Èíòåãðàë ñõî-

äèòñÿ.

Ñëåäîâàòåëüíî, çàäàííûé èíòåãðàë, êàê ñóììà äâóõ ñõîäÿùèõñÿ èíòå-

ãðàëîâ, ñõîäèòñÿ.

Çàäàíèå 16.1. Âû÷èñëèòå èíòåãðàëû

à)
e3∫
1

dx
x

3
√

ln x
; á)

1∫
0

x2dx√
1− x3

; â)

√
13∫

2

x dx√
x2 − 4

.

Çàäàíèå 16.2. Èññëåäóéòå ñõîäèìîñòü èíòåãðàëîâ

à)
5∫
2

dx

x
√

x4 − 16
; á)

5∫
1

dx
3
√

x6 − 1
; â)

+∞∫
0

dx√
x(x + 3)2 ; ã)

+∞∫
0

x arctg x dx√
x(x + 3)5

.
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Â ñëåäóþùèõ ïàðàãðàôàõ ðàññìîòðèì íåêîòîðûå âîïðîñû, ñâÿçàííûå

ñ èíòåãðèðîâàíèåì ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ.

�17. Îïðåäåëåíèå äâîéíîãî èíòåãðàëà è åãî ñâîéñòâà.

Ïóñòü íà ïëîñêîñòè XOY çàäàíà îãðàíè÷åííàÿ îáëàñòü (D). Îáîçíà-

÷èì ÷åðåç Γ åå ãðàíèöó. Äèàìåòðîì îáëàñòè (D) íàçûâàåòñÿ íàèáîëüøåå

ðàññòîÿíèå ìåæäó òî÷êàìè ãðàíèöû îáëàñòè èëè äëèíà íàèáîëüøåé õîð-

äû, òî åñòü d = sup
A,B∈Γ

|AB|.

Ââåäåì äëÿ ôóíêöèè äâóõ ïåðåìåííûõ ïîíÿòèå èíòåãðàëüíîé ñóììû.

Ïóñòü ôóíêöèÿ z = f(x, y) çàäàíà â îãðàíè÷åííîé îáëàñòè (D) ⊂ R2.

6
y

-
x

6
y

-
x

6z

-y










�
x

Ðàçäåëèì îáëàñòü (D) ñåòüþ êðèâûõ íà n ÷àñòåé (D1), (D2), . . . , (Dn).

Îáîçíà÷èì ïëîùàäü i-òîé ÷àñòè ÷åðåç Di. Â êàæäîé ÷àñòè âûáåðåì òî÷êó

Mi(xi; yi) è ïîäñ÷èòàåì çíà÷åíèÿ ôóíêöèè â f(Mi) = f(xi, yi) â ýòèõ

òî÷êàõ. Ïóñòü λ � íàèáîëüøèé äèàìåòð îáëàñòåé (D1), (D2), . . . , (Dn).

Ñîñòàâèì èíòåãðàëüíóþ ñóììó

σn =
n∑

i=1

f(xi, yi)Di (17.1)

Îïðåäåëåíèå 17.1. Äâîéíûì èíòåãðàëîì îò ôóíêöèè f(x, y) ïî îáëà-

ñòè D íàçûâàåòñÿ ïðåäåë èíòåãðàëüíîé ñóììû σn, åñëè îí íå çàâèñèò îò

ñïîñîáà ðàçáèåíèÿ îáëàñòè íà ÷àñòè è âûáîðà òî÷åê, ïðè åäèíñòâåííîì

óñëîâèè λ → 0.∫
(D)

∫
f(x, y)dS = lim

λ→0
σn = lim

λ→0

n∑
i=1

f(xi, yi)Di.
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Òàê êàê ïðåäåë íå çàâèñèò îò ñïîñîáà ðàçáèåíèÿ îáëàñòè, òî ìû ìî-

æåì ðàçáèòü îáëàñòü íà ÷àñòè ïðÿìûìè, ïàðàëëåëüíûìè îñÿì êîîðäè-

íàò. Ïëîùàäè ïîëó÷èâøèõñÿ ïîñëå ðàçáèåíèÿ ïðÿìîóãîëüíèêîâ ðàâíû

Di = ∆xi ·∆yi. Ïîýòîìó ìîæíî çàïèñàòü â èíòåãðàëå dS = dx · dy.∫
(D)

∫
f(x, y)dS =

∫
(D)

∫
f(x, y)dxdy. (17.2)

Äâîéíîé èíòåãðàë ñóùåñòâóåò, åñëè ôóíêöèÿ z = f(x, y) íåïðåðûâíà è

îãðàíè÷åíà.

Åñëè f(x, y) = 1, òî σn =
n∑

i=1
Di. Ñëåäîâàòåëüíî,

∫
(D)

∫
1dxdy = D �

ïëîùàäü îáëàñòè (D).

Òàê êàê i- ñëàãàåìîå f(xi, yi)Di â èíòåãðàëüíîé ñóììå σn äàåò îáúåì

ïàðàëëåëåïèïåäà, ñ îñíîâàíèåì (Di) è âûñîòîé f(xi, yi), òî ãåîìåòðè-

÷åñêèé ñìûñë äâîéíîãî èíòåãðàëà � îáúåì òåëà, îãðàíè÷åííîãî ñâåðõó

ïîâåðõíîñòüþ z = f(x, y), ñíèçó � ïëîñêîñòüþ XOY è ñ áîêîâ � öèëèí-

äðè÷åñêîé ïîâåðõíîñòüþ ñ íàïðàâëÿþùåé êðèâîé Γ.

V =

∫
(D)

∫
f(x, y)dxdy. (17.3)

Ñâîéñòâà äâîéíîãî èíòåãðàëà

1.
∫

(D)

∫
dxdy = D;

2.
∫

(D)

∫
(f(x, y)± g(x, y))dxdy =

∫
(D)

∫
f(x, y)dxdy ±

∫
(D)

∫
g(x, y)dxdy;

3.
∫

(D)

∫
kf(x, y)dxdy = k

∫
(D)

∫
f(x, y)dxdy;

4. åñëèD = D1∪D2, òî
∫

(D)

∫
f(x, y)dxdy =

∫
(D1)

∫
f(x, y)dxdy+

∫
(D2)

∫
f(x, y)dxdy;

5. åñëè f(x, y) > 0, òî
∫

(D)

∫
f(x, y)dxdy > 0.
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�18. Âû÷èñëåíèå äâîéíîãî èíòåãðàëà â äåêàðòîâûõ êîîðäèíà-

òàõ.

Â ïðèëîæåíèÿõ îïðåäåëåííîãî èíòåãðàëà ðàññìàòðèâàëàñü çàäà÷à âû-

÷èñëåíèÿ îáúåìà òåëà âðàùåíèÿ ïî åãî ïîïåðå÷íûì ñå÷åíèÿì. Ïóñòü òå-

ëî (V ) çàêëþ÷åíî ìåæäó ïëîñêîñòÿìè x = a è x = b è ïðè ïåðåñå÷åíèè

òåëà ïëîñêîñòüþ x = x0 (a 6 x 6 b), ïðîâåäåííîé ÷åðåç òî÷êó x ïåðïåí-

äèêóëÿðíî îñè OX, ïîëó÷àåòñÿ ôèãóðà, èìåþùàÿ ïëîùàäü S(x), ïðè÷åì

ôóíêöèÿ S(x) � íåïðåðûâíà íà [a; b] (ðèñ. 1). Òîãäà îáúåì òåëà

V =

∫ b

a

S(x)dx. (18.1)

6z

-
x










�

y

S(x)

ðèñ. 1

6z

-
x













�

y
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Ïðèìåíèì ñïîñîá ñå÷åíèé ê âû÷èñëåíèþ îáúåìà öèëèíäðè÷åñêîãî áðó-

ñà. Ïóñòü äàíî òåëî (V ), îãðàíè÷åííîå ñâåðõó ïîâåðõíîñòüþ z = f(x, y) >,

ñíèçó ôèãóðîé (D), ëåæàùåé â ïëîñêîñòè XOY è îãðàíè÷åííîé çàìêíó-

òîé êðèâîé Γ, ñáîêó öèëèíäðè÷åñêîé ïîâåðõíîñòüþ ñ íàïðàâëÿþùåé Γ.

Äëÿ ïðîñòîòû ðàññóæäåíèé áóäåì ñ÷èòàòü, ÷òî ëþáàÿ ïðÿìàÿ â ïëîñêî-

ñòè XOY ïàðàëëåëüííàÿ îñÿì êîîðäèíàò ïåðåñåêàåò êðèâóþ Γ íå áîëåå

÷åì â äâóõ òî÷êàõ.

Ïðîâåäåì ñå÷åíèå òåëà ïëîñêîñòüþ ïåðïåíäèêóëÿðíîé îñè OX. Àáñ-

öèññû êðàéíèõ òî÷åê ñå÷åíèÿ x = a è x = b. Â ïëîñêîñòè XOY ïðÿìûå

x = a è x = b äåëÿò êîíòóð Γ íà äâå ÷àñòè (ðèñ. 3). Ïóñòü y = y1(x) �

óðàâíåíèå íèæíåé ÷àñòè êðèâîé, y = y2(x) � óðàâíåíèå âåðõíåé ÷àñòè

êðèâîé Γ.

Â ñå÷åíèè òåëà ïëîñêîñòüþ x = x0 (x0 � ïðîèçâîëüíàÿ òî÷êà èíòåðâà-

ëà [a; b]) ïîëó÷àåòñÿ êðèâîëèíåéíàÿ òðàïåöèÿ (ðèñ. 2), åå ïëîùàäü îáî-
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çíà÷èì S(x0). Ýòà òðàïåöèÿ îãðàíè÷åíà ñâåðõó êðèâîé z = f(x0, y) è

y1 6 x 6 y2, ãäå y1 = y1(x0), y2 = y2(x0).

Òàê êàê S(x0) =
y2∫
y1

f(x0, y)dy, è x0 � ïðîèçâîëüíàÿ òî÷êà [a; b], òî áóäåì

èìåòü

S(x) =

∫ y2(x)

y1(x)
f(x, y)dy. (18.2)

Ïðåäåëû èíòåãðèðîâàíèÿ ïåðåìåííûå âåëè÷èíû, çàâèñÿùèå îò x. Ïîä-

ñòàâëÿÿ âûðàæåíèå (18.2) â ôîðìóëó (18.1), ïîëó÷èì

V =

∫ b

a

∫ y2(x)

y1(x)
f(x, y)dy. (18.3)

Âûðàæåíèå, ñòîÿùåå â ïðàâîé ÷àñòè ôîðìóëû (18.3) íàçûâàåòñÿ ïîâòîð-

íûì èíòåãðàëîì. Ñîïîñòàâëÿÿ ôîðìóëû (17.3) è (18.3), ïîëó÷èì∫
(D)

∫
f(x, y)dxdy =

∫ b

a

dx

∫ y2(x)

y1(x)
f(x, y)dy, (18.4)

ñâîäÿùóþ âû÷èñëåíèå äâîéíîãî èíòåãðàëà ê âû÷èñëåíèþ ïîâòîðíîãî.

Àíàëîãè÷íî, ðàññìàòðèâàÿ ñå÷åíèÿ òåëà (V ) ïëîñêîñòüþ y = c, ïåð-

ïåíäèêóëÿðíîé îñè OY , ìîæíî äîêàçàòü ôîðìóëó∫
(D)

∫
f(x, y)dxdy =

∫ d

c

dy

∫ x2(y)

x1(y)
f(x, y)dx. (18.5)

Ñîïîñòàâëÿÿ ôîðìóëû (18.4) è (18.5), ïîëó÷èì∫ b

a

dx

∫ y2(x)

y1(x)
f(x, y)dy =

∫ d

c

dy

∫ x2(y)

x1(y)
f(x, y)dx. (18.6)

Ýòî ðàâåíñòâî ïîêàçûâàåò, ÷òî èçìåíåíèè ïîðÿäêà èíòåãðèðîâàíèÿ ïðå-

äåëû âíóòðåííåãî è âíåøíåãî èíòåãðàëîâ èçìåíÿþòñÿ.

Çàìå÷àíèå 18.1. Åñëè îáëàñòü (D) � ïðÿìîóãîëüíèê [a; b]× [c; d], òî∫
(D)

∫
f(x, y)dxdy =

∫ b

a

dx

∫ d

c

f(x, y)dy. (18.7)
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Çàìå÷àíèå 18.2. Ôîðìóëû (18.4) è (18.5) áûëè âûâåäåíû â ïðåäïîëî-

æåíèè, ÷òî ïðÿìûå x = x0 è y = y0 ïåðåñåêàþò êðèâóþ Γ íå áîëåå ÷åì

â äâóõ òî÷êàõ. Åñëè êîíòóð Γ áîëåå ñëîæíûé, òî îáëàñòü (D) íóæíî

ðàçáèòü íà ÷àñòè, óäîâëåòâîðÿþùèå óñëîâèþ, âûñêàçàííîìó â ïðåäïîëî-

æåíèè.

Ïðèìåð 18.1. Ðàññòàâüòå ïðåäåëû â äâîéíîì èíòåãðàëå
∫

(D)

∫
f(x, y)dxdy,

ãäå îáëàñòü (D) îãðàíè÷åíà ïàðàáîëîé y = x2 è ïðÿìîé y = x.

Ðåøåíèå . Îáëàñòü (D) èçîáðàæåíà íà ðèñ. 1. ×òîáû íàéòè ïðåäåëû èí-

òåãðèðîâàíèÿ, îïðåäåëèì òî÷êè ïåðåñå÷åíèÿ êðèâûõ. Äëÿ ýòîãî ñîñòàâèì

ñèñòåìó óðàâíåíèé

{
y = x

y = x2
. Åå ðåøåíèåì ÿâëÿþòñÿ òî÷êè (0; 0) è (1; 1)

(ýòî ëåãêî óâèäåòü íà ÷åðòåæå). Ðàññòàâèì ïðåäåëû èíòåãðèðîâàíèÿ.∫
(D)

∫
f(x, y)dxdy =

1∫
0

dx
x∫

x2

f(x, y)dy =
1∫
0

dy

√
y∫

y

f(x, y)dx.
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Ïðèìåð 18.2. Âû÷èñëèòå èíòåãðàë
∫

(D)

∫
8xydxdy, ãäå îáëàñòü (D) îãðà-

íè÷åíà ïàðàáîëîé y = x2

4 , ïðÿìîé y = 8− x è îñüþ OX.

Ðåøåíèå . Îáëàñòü (D), îãðàíè÷åííàÿ ïàðàáîëîé y = x2

4 , ïðÿìîé y =

8−x è îñüþ OX, èçîáðàæåíà íà ðèñóíêå 2. Ïðÿìàÿ x = 4 äåëèò åå íà äâå

÷àñòè, è èíòåãðàë ïðåäñòàâëÿåò ñîáîé ñóììó äâóõ ñëàãàåìûõ. Ðàññòàâèì

ïðåäåëû èíòåãðèðîâàíèÿ
∫

(D)

∫
8xydxdy =

4∫
0

dx
x2/4∫
0

8xydy +
8∫
4

dx
8−x∫
0

8xydy.

Åñëè âíåøíèé èíòåãðàë áåðåòñÿ ïî ïåðåìåííîé y, òî èíòåãðàë áóäåò âû-

ãëÿäåòü ïðîùå
∫

(D)

∫
8xydxdy =

4∫
0

dy
8−y∫
2
√

y

8xydy.
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Âû÷èñëåíèå íà÷èíàåì ñ âíóòðåííåãî èíòåãðàëà
4∫
0

dy
8−y∫
2
√

y

8xydy =
4∫
0

8ydy x2

2

∣∣∣∣8−y

2
√

y

=
4∫
0

4y(64− 16y + y2 − 4y)dy =

4∫
0

4(y3−20y2 +64y)dy =

(
y4 − 80y3

3 + 128y2
)∣∣∣∣4

0
= 44− 80

3 ·43−128 ·42 =

28 − 210 · 5
3 + 211 = 28 · 7

3 .

Ïðèìåð 18.3. Ïåðåñòàâüòå ïðåäåëû èíòåãðèðîâàíèÿ â äâîéíîì èíòåãðà-

ëå
3∫
1

dx
4∫

4/x

f(x, y)dy +
4∫
3

dx
13−3x∫
4/y

f(x, y)dy. Âû÷èñëèòå ïëîùàäü ôèãóðû,

çàäàííîé â ýòîé çàäà÷å.

Ðåøåíèå . Ãðàíèöû îáëàñòè çàäàþòñÿ óðàâíåíèÿìè xy = 4, y = 4,

x + 3y = 13 (ðèñ. 3). Ïîñëå ïåðåñòàíîâêè ïðåäåëîâ èíòåãðàë ïðèìåò âèä
3∫
1

dx
4∫

4/x

f(x, y)dy +
4∫
3

dx
13−3x∫
4/x

f(x, y)dy =
4∫
1

dy
(13−y)/3∫

4/y

f(x, y)dx.

Äëÿ âû÷èñëåíèÿ ïëîùàäè ôèãóðû ñ ïîìîùüþ äâîéíîãî èíòåãðàëà

ïîäèíòåãðàëüíàÿ ôóíêöèÿ äîëæíà áûòü ðàâíà 1 (f(x, y) = 1). Èìååì

S =
4∫
1

dy
(13−y)/3∫

4/y

dx =
4∫
1

dy x|(13−y)/3
4/y =

4∫
1

(
13− x

3 − 4
y

)
dy =

=

(
13x
3 − x2

6 − 4 ln y

)∣∣∣∣4
1

=
13(4− 1)

3 − 16− 1
6 − 4(ln 4− ln 1) =

= 13− 2, 5− 8 ln 2.

Ïðèìåð 18.4. Ðàññòàâüòå ïðåäåëû â èíòåãðàëå
∫

(D)

∫
f(x, y)dxdy, ãäå îá-

ëàñòü (D) îãðàíè÷åíà ïàðàáîëîé x = y2 è ïðÿìûìè y = 2x, x + y = 12.

Ïðèìåð 18.5. Ðàññòàâüòå ïðåäåëû â äâîéíîì èíòåãðàëå
∫

(D)

∫
f(x, y)dxdy,

ãäå îáëàñòü (D) îãðàíè÷åíà ïàðàáîëàìè y = 0, 5(x+2)2 è y = −x2−x+14.

Ïðèìåð 18.6. Âû÷èñëèòå èíòåãðàë
∫

(D)

∫
x2ydxdy, ãäå îáëàñòü (D) îãðà-

íè÷åíà ïðÿìûìè y = x, y = 2− x è îñüþ OX.

Ïðèìåð 18.7. Âû÷èñëèòå èíòåãðàë
∫

(D)

∫
(x2 + y)dxdy, ãäå îáëàñòü (D)

îãðàíè÷åíà ïàðàáîëàìè y = x2 è x = y2.
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Çàäàíèå 18.1. Ïåðåñòàâüòå ïðåäåëû èíòåãðèðîâàíèÿ â äâîéíîì èíòå-

ãðàëå
1∫

1/2
dx

2∫
1/x

f(x, y)dy +
2∫
1

dx
2∫
x

f(x, y)dy.

Çàäàíèå 18.2. Ïåðåñòàâüòå ïðåäåëû èíòåãðèðîâàíèÿ â äâîéíîì èíòå-

ãðàëå
1∫
0

dx

√
x∫

0
f(x, y)dy +

2∫
1

dx
1−
√

4x−x2−3∫
0

f(x, y)dy.

Çàäàíèå 18.3. Ïåðåñòàâüòå ïðåäåëû èíòåãðèðîâàíèÿ â äâîéíîì èíòå-

ãðàëå
4∫
0

dx

√
8x−x2∫
x

f(x, y)dy.

Çàäàíèå 18.4. Âû÷èñëèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé

y2 = 4x + 4 è ïðÿìîé x + y = 2.

Çàäàíèå 18.5. Âû÷èñëèòå îáúåì òåëà, îãðàíè÷åííîãî ïàðàáîëîèäîì âðà-

ùåíèÿ z = x2 + y2, ïëîñêîñòüþ x+ y = 2 è êîîðäèíàòíûìè ïëîñêîñòÿìè.

�19. Çàìåíà ïåðåìåííûõ â äâîéíîì èíòåãðàëå.

�20. Îïðåäåëåíèå òðîéíîãî èíòåãðàëà, åãî ñâîéñòâà è âû÷èñ-

ëåíèå.

�21. Îïðåäåëåíèå êðèâîëèíåéíîãî èíòåãðàëà ïåðâîãî ðîäà, åãî

ñâîéñòâà è âû÷èñëåíèå.

�22. Îïðåäåëåíèå êðèâîëèíåéíîãî èíòåãðàëà âòîðîãî ðîäà, åãî

ñâîéñòâà è âû÷èñëåíèå.
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�23. Ôîðìóëà Ãðèíà.

�24. Íåçàâèñèìîñòü êðèâîëèíåéíîãî èíòåãðàëà âòîðîãî ðîäà

îò ïóòè èíòåãðèðîâàíèÿ.
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