
Ââåäåíèå.

Îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè íàçûâàþò óðàâíå-

íèÿ, ñâÿçûâàþùèå â îäíî âûðàæåíèå ïåðåìåííóþ x, íåèçâåñòíóþ ôóíê-

öèþ ýòîé ïåðåìåííîé y(x) è åå ïðîèçâîäíûå: y′(x), y′′(x), y′′′(x) è òàê äà-

ëåå. Ðåøåíèåì îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÿâëÿåòñÿ

òàêàÿ ôóíêöèÿ, êîòîðàÿ, áóäó÷è ïîäñòàâëåííîé, â óðàâíåíèå ïðåâðàùàåò

åãî â òîæäåñòâî.

Òàêèì îáðàçîì, äèôôåðåíöèàëüíûå óðàâíåíèÿ � ýòî óðàâíåíèÿ íî-

âîãî òèïà. Åñëè â àëãåáðàè÷åñêèõ óðàâíåíèÿõ ôèãóðèðîâàëî íåêîòîðîå

íåèçâåñòíîå ÷èñëî (äëÿ ñèñòåìû óðàâíåíèé � íàáîð ÷èñåë), òî â äèôôå-

ðåíöèàëüíîì óðàâíåíèè íåèçâåñòíà óæå ôóíêöèÿ.

Íåîáõîäèìîñòü ðàññìîòðåíèÿ íîâîãî òèïà óðàâíåíèé � äèôôåðåíöè-

àëüíûõ îáóñëîâëåíà èõ øèðîêèì ðàñïðîñòðàíåíèåì. Äåéñòâèòåëüíî, ïðè

èçó÷åíèè è êîëè÷åñòâåííîì îïèñàíèè ìíîãèõ ôèçè÷åñêèõ, õèìè÷åñêèõ,

áèîëîãè÷åñêèõ è äàæå ñîöèàëüíûõ ÿâëåíèé î÷åíü ÷àñòî íå óäàåòñÿ íåïî-

ñðåäñòâåííî íàéòè çàêîíû, îïèñûâàþùèå òîò èëè èíîé ïðîöåññ. Îäíàêî

ëåãêî îáíàðóæèòü ñâÿçü ìåæäó èññëåäóåìîé âåëè÷èíîé è åå èçìåíåíèåì

(âî âðåìåíè èëè ïðîñòðàíñòâå). Âûïèñàâ ñîîòâåòñòâóþùèå ñîîòíîøåíèÿ,

êàê ïðàâèëî, ïîëó÷àþò äèôôåðåíöèàëüíûå óðàâíåíèÿ.

Â êà÷åñòâå ïðèìåðîâ ïðèâåäåì íåñêîëüêî äèôôåðåíöèàëüíûõ óðàâíå-

íèé, âûðàæàþùèå çàêîíû.

Ïðèìåð 1. Âòîðîé çàêîí Íüþòîíà. Ýòîò çàêîí ìàòåìàòè÷åñêè

âûðàæàåòñÿ â âèäå äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

m
d2x(t)

dt2
= F

(
t, x(t),

dx(t)

dt

)
,

çäåñü ó÷òåíî, ÷òî ñèëà F , âûçûâàþùàÿ óñêîðåíèå a =
d2x(t)
dt2

òåëà ìàññû

m, â îáùåì ñëó÷àå çàâèñèò îò ïîëîæåíèÿ òåëà (åñëè òåëî äâèæåòñÿ â

êàêîì-ëèáî ïîëå), åãî ñêîðîñòè (ó÷åò ñîïðîòèâëåíèÿ äâèæåíèþ), à òàêæå

ìîæåò ìåíÿòüñÿ âî âðåìåíè.

Ïðèìåð 2. Óðàâíåíèå ðàäèîàêòèâíîãî ðàñïàäà. Çàêîí ðàäèî-

àêòèâíîãî ðàñïàäà õîðîøî èçâåñòåí: ñêîðîñòü ðàñïàäà (êîëè÷åñòâî àòî-
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ìîâ ðàäèîàêòèâíîãî ýëåìåíòà, ðàñïàâøèõñÿ çà åäèíèöó âðåìåíè)
dx(t)
dt

ïðîïîðöèîíàëüíà êîëè÷åñòâó ðàäèîàêòèâíîãî âåùåñòâà x(t). Ýòîò çàêîí

ôîðìóëèðóåòñÿ ìàòåìàòè÷åñêè ñ ïîìîùüþ äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ:
dx(t)
dt

= −kx(t).

Ðåøåíèå ýòîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàõîäèòñÿ äîñòàòî÷íî

ïðîñòî x(t) = e−kt. Â ýòîì ëåãêî óáåäèòüñÿ íåïîñðåäñòâåííîé ïîäñòàíîâ-

êîé ôóíêöèè â óðàâíåíèå.

Ïðèìåð 3. Çàâèñèìîñòü âûðó÷êè îò ðåàëèçàöèè òîâàðà U(p) îò öå-

íû p òîâàðà çàäàåòñÿ çàêîíîì
d2U(p)

dp2 = (4p2 − 3)U(p). Ðåøåíèåì ýòîãî

óðàâíåíèÿ ÿâëÿåòñÿ ôóíêöèÿ U(p) = pe−2p2

.

Ïðèìåð 4. Íàéäèòå óðàâíåíèå êðèâîé, çíàÿ, ÷òî îòðåçîê, êîòîðûé

êàñàòåëüíàÿ ê êðèâîé â ïðîèçâîëüíîé òî÷êå îòñåêàåò íà îñè îðäèíàò,

ðàâåí óäâîåííîé îðäèíàòå òî÷êè êàñàíèÿ.

Ïóñòü óðàâíåíèå êðèâîé y = f(x). Òîãäà óðàâíåíèå êàñàòåëüíîé ê

ýòîé êðèâîé â òî÷êå ñ êîîðäèíàòàìè (; ) èìååò âèä Y −y = y′(x)(X−x).

Îòðåçîê, îòñåêàåìûé êðèâîé íà îñè Y ðàâåí Y = y−y′(x) (òàê êàê = 0).

Ïî óñëîâèþ Y = 2y. Ïîëó÷àåì óðàâíåíèå y − xy′ = 2y èëè xy′ + y = 0.

-

6

x

y

2

3

Óìíîæèâ îáå ÷àñòè ýòîãî óðàâíåíèÿ íà dx, ïîëó÷èì xdy + ydx = 0

èëè d(xy) = 0. Îòêóäà = èëè y = C
x .

Äèôôåðåíöèàëüíîå óðàâíåíèå çàäàåò ñåìåéñòâî ãèïåðáîë, àñèìïòîòà-

ìè êîòîðûõ ÿâëÿþòñÿ îñè êîîðäèíàò. Äëÿ âûäåëåíèÿ îäíîé êðèâîé íåîá-
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õîäèìî çàäàòü íà êðèâîé òî÷êó. Ïóñòü òî÷êà (2; 3) ëåæèò íà êðèâîé.

Çíà÷èò xy = 6, ò.å. C = 6.

Ïðîöåññ íàõîæäåíèÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (òî åñòü

íàõîæäåíèÿ ôóíêöèè, óäîâëåòâîðÿþùåé äèôôåðåíöèàëüíîìó óðàâíå-

íèþ) íàçûâàåòñÿ èíòåãðèðîâàíèåì óðàâíåíèÿ, à åãî ðåøåíèå ÷àñòî íàçû-

âàþò èíòåãðàëîì äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Èíîãäà íàéòè èíòåãðàë

äèôôåðåíöèàëüíîãî óðàâíåíèÿ ëåãêî, â íåêîòîðûõ ñëó÷àÿõ ýòà ïðîöåäó-

ðà áûâàåò äîâîëüíî ñëîæíîé, à áûâàåò è òàê, ÷òî ðåøåíèå äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ íàéòè â îáùåì âèäå íåâîçìîæíî.

�1. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

Îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì 1-ãî ïîðÿäêà íàçûâà-

åòñÿ óðàâíåíèå âèäà

F (x, y, y′) = 0 (1.1)

Ðàçðåøèâ åãî îòíîñèòåëüíî ïðîèçâîäíîé, ïîëó÷èì îáûêíîâåííîå äèôôå-

ðåíöèàëüíîå óðàâíåíèå 1-ãî ïîðÿäêà, ðàçðåøåííîå îòíîñèòåëüíî ïðîèç-

âîäíîé

y′ = f(x, y) (1.2)

Óðàâíåíèå ïåðâîãî ïîðÿäêà ìîæíî çàïèñàòü â äèôôåðåíöèàëüíîé ôîðìå

M(x, y)dx + N(x, y)dy = 0 (1.3)

Â ñëó÷àå, åñëè f(x, y) = f(x), òî åñòü ôóíêöèÿ çàâèñèò òîëüêî îò îäíîé

ïåðåìåííîé x, ïîëó÷èì ïðîñòåéøåå äèôôåðåíöèàëüíîå óðàâíåíèÿ 1-ãî

ïîðÿäêà y′ = f(x), ðåøåíèå êîòîðîãî y =
∫

f(x)dx + C ëåãêî íàéòè.

Ðåøåíèåì îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàçûâàåòñÿ

òàêàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ y = y(x), êîòîðàÿ, áóäó÷è ïîäñòàâ-

ëåííîé âìåñòå ñ ïðîèçâîäíîé â óðàâíåíèå, ïðåâðàùàåò åãî â òîæäåñòâî.

Ðåøåíèå óðàâíåíèÿ, ïîëó÷åííîå â âèäå íåÿâíîé ôóíêöèè ϕ(x, y) = 0

íàçûâàþò èíòåãðàëîì äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Äèôôåðåíöèàëüíîå óðàâíåíèå èìååò áåñêîíå÷íî ìíîãî ðåøåíèé (èíòå-

ãðàëîâ). Äëÿ îáîçíà÷åíèÿ ýòîãî ìíîæåñòâà ââîäèòñÿ ïîíÿòèå îáùåãî ðå-
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øåíèÿ (îáùåãî èíòåãðàëà) äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Îáùåå ðåøå-

íèå (îáùèé èíòåãðàë) äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà

ñîäåðæèò íåçàâèñèìûé ïàðàìåòð C. Íàëè÷èå â îáùåì ðåøåíèè êîíñòàíò

ñâÿçàíî ñ òåì, ÷òî ïðè ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé âûïîë-

íÿåòñÿ èíòåãðèðîâàíèå � îïåðàöèÿ, îáðàòíàÿ äèôôåðåíöèðîâàíèþ. Ïðè

èíòåãðèðîâàíèè âîçíèêàåò êîíñòàíòà. Ìåæäó ïîíÿòèÿìè îáùåå ðåøåíèå

è îáùèé èíòåãðàë ïðèíöèïèàëüíûõ ðàçëè÷èé íåò. Ïðîñòî ïîä òåðìèíîì

ðåøåíèå ïðèíÿòî ïîíèìàòü îáû÷íóþ ôóíêöèþ, à ïîä òåðìèíîì èíòåãðàë

� ôóíêöèþ, çàäàííóþ íåÿâíî. Òàê ñëîæèëîñü èñòîðè÷åñêè, è òàêàÿ òåð-

ìèíîëîãèÿ ïðèíÿòà âî âñåì ìèðå.

Îïðåäåëèòü çíà÷åíèå êîíñòàíòû èíòåãðèðîâàíèÿ ìîæíî, åñëè ìû ïî-

òðåáóåì, ÷òîáû íàøå ðåøåíèå óäîâëåòâîðÿëî äîïîëíèòåëüíîìó óñëîâèþ,

íàïðèìåð, y(x0) = y0 (çàäà÷à Êîøè).

Ãðàôèê êàêîãî-ëèáî ÷àñòíîãî ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ïåðâîãî ïîðÿäêà (ïðè ôèêñèðîâàííîì çíà÷åíèè ïàðàìåòðà C = C0) çàäà-

åò íà ïëîñêîñòè (x; y) ëèíèþ, êîòîðóþ íàçûâàþò èíòåãðàëüíîé êðèâîé.

Ïðè èçìåíåíèè çíà÷åíèÿ ïàðàìåòðà C ïîëó÷èòñÿ äðóãàÿ èíòåãðàëüíàÿ

êðèâàÿ. Ïåðåáðàâ âñå âîçìîæíûå çíà÷åíèÿ ïàðàìåòðà C, ìû ïîëó÷èì

íåêîòîðûé íàáîð èíòåãðàëüíûõ êðèâûõ, êîòîðûé íàçûâàþò ñåìåéñòâîì

èíòåãðàëüíûõ êðèâûõ. Òàêèì îáðàçîì, îáùåå ðåøåíèå äèôôåðåíöèàëü-

íîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà (òî÷íî òàê æå êàê è åãî îáùèé èíòåãðàë)

çàäàåò íà ïëîñêîñòè (x, y) ñåìåéñòâî èíòåãðàëüíûõ êðèâûõ.

�2. Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

Ïóñòü â óðàâíåíèè

y′ = f(x, y) (2.1)

ôóíêöèÿ f(x, y) ïðåäñòàâèìà â âèäå ïðîèçâåäåíèÿ äâóõ ôóíêöèé, êàæ-

äàÿ èç êîòîðûõ çàâèñèò òîëüêî îò îäíîé ïåðåìåííîé: f(x, y) = f1(x)f2(y).

Òîãäà óðàâíåíèå (2.1) ïðèíèìàåò âèä

y′ = f1(x) · f2(y), (2.2)

4



è åãî íàçûâàþò óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Çàïèøåì

äèôôåðåíöèàë ôóíêöèè y(x)

dy =
dy

dx
· dx = f1(x)f2(y)dx,

Îãðàíè÷èìñÿ ðàññìîòðåíèåì òàêèõ çíà÷åíèé y, ïðè êîòîðûõ f2(y) 6= 0.

Òîãäà, ðàçäåëèâ îáå ÷àñòè ïîëó÷åííîãî óðàâíåíèÿ íà f2(y) è ââåäÿ (äëÿ

óäîáñòâà) ôóíêöèþ g(y) = 1
f2(y)

, ïîëó÷èì óðàâíåíèå, êîòîðîå íàçûâàþò

óðàâíåíèåì ñ ðàçäåëåííûìè ïåðåìåííûìè

g(y)dy = f1(x)dx. (2.3)

Äåéñòâèòåëüíî, åñëè â èñõîäíîì óðàâíåíèè â ïðàâîé ÷àñòè áûëè îáå ïå-

ðåìåííûå (è x è y), òî â ïîñëåäíåì óðàâíåíèè ïåðåìåííàÿ x âñòðå÷àåòñÿ

òîëüêî â ïðàâîé ÷àñòè, à ïåðåìåííàÿ y � òîëüêî â ëåâîé.

Òàê êàê dy = y′(x)dx, òî îáå ÷àñòè óðàâíåíèÿ ñ ðàçäåëåííûìè ïå-

ðåìåííûìè ïðåäñòàâëÿþò ñîáîé äèôôåðåíöèàëû íåêîòîðûõ ôóíêöèé.

Ýòî çíà÷èò, ÷òî ôóíêöèÿ g(y(x))y′(x) ÿâëÿåòñÿ ïðîèçâîäíîé íåêîòîðîé

ôóíêöèè (ïåðâîîáðàçíîé îò g(y(x))y′(x)) è f1(x) òàêæå åñòü ïðîèçâîäíàÿ

íåêîòîðîé ôóíêöèè (ïåðâîîáðàçíîé îò f1(x)). Ïîñêîëüêó ðàâíû äèôôå-

ðåíöèàëû ôóíêöèé, òî ñ òî÷íîñòüþ äî ïîñòîÿííîé ðàâíû è ñàìè ôóíê-

öèè. Ñëåäîâàòåëüíî, ìîæíî çàïèñàòü ñëåäóþùåå ðàâåíñòâî:∫
g(y(x))y′(x)dx =

∫
f1(x)dx.

Ïåðåéäÿ â èíòåãðàëå ïðàâîé ÷àñòè ýòîãî âûðàæåíèÿ ê èíòåãðèðîâàíèþ

ïî y, òî åñòü ñäåëàâ çàìåíó ïåðåìåííûõ, ïîëó÷èì âûðàæåíèå, êîòîðîå è

îïðåäåëÿåò çàâèñèìîñòü y îò x.∫
g(y)dy =

∫
f1(x)dx. (2.4)

Ïðèìåð 2.1. Ðåøèòå óðàâíåíèå y′ =
xy + 4y
y2 − 2

. Íàéäèòå ÷àñòíîå ðåøåíèå,

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì y(3) = 1.

Ðåøåíèå . Äàííîå óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìè-

ñÿ ïåðåìåííûìè. Âûíåñåì â ïðàâîé ÷àñòè çà ñêîáêó îáùèé ìíîæè-

òåëü è çàïèøåì ïðîèçâîäíóþ êàê îòíîøåíèå äèôôåðåíöèàëîâ dy
dx

=
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y(x + 4)
y2 − 2

, ðàçäåëèì îáå ÷àñòè íà y2 − 2 è óìíîæèì íà dx. Â óðàâíåíèè

y2 − 2
y dy = (x + 4)dx ïðàâàÿ ÷àñòü çàâèñèò îò ïåðåìåííîé x, à ëåâàÿ �

îò y. Íàéäåì ïåðâîîáðàçíûå äëÿ ëåâîé è ïðàâîé ÷àñòåé óðàâíåíèÿ:∫ y2 − 2
y dy =

∫ (
y − 2

y

)
dy =

y2

2 − 2 ln |y|;∫
(x + 4)dx = x2

2 + 4x.

Îáùèé èíòåãðàë èìååò âèä y2

2 − 2 ln |y| = x2

2 + 4x + C.

×òîáû íàéòè ÷àñòíîå ðåøåíèå, ïîäñòàâèì íà÷àëüíûå óñëîâèÿ (x = 3,

y = 1) â îáùèé èíòåãðàë. Ïîëó÷èì 1
2−2 ln 1 = 9

2+12+C. Ñëåäîâàòåëüíî,

C = −16 è ÷àñòíûé èíòåãðàë èìååò âèä y2

2 − 2 ln |y| = x2

2 + 4x− 16.

Çàäàíèå 2.1. Ðåøèòå óðàâíåíèå x(1 + y2)dx− y(1 + x2)dy = 0.

Çàäàíèå 2.2. Ðåøèòå óðàâíåíèå
√

1− x2y′ = (x + 2)y2.

Çàäàíèå 2.3. Ðåøèòå óðàâíåíèå (x2 − 3x + 2) ln2 yy′ = 3xy − 5y.

Çàäàíèå 2.4. Ðåøèòå óðàâíåíèå y2 sin3 xy′ = cos x
√

y3 − 1.

Çàäàíèå 2.5. Ðåøèòå óðàâíåíèå (2y + 1)ex−x2

y′ = (2x− 1)(y2 + 1).

�3. Îäíîðîäíûå óðàâíåíèÿ.

Íåêîòîðûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïóòåì çàìåíû ïåðåìåííûõ

èëè ââåäåíèåì íåêîòîðîé ñïåöèàëüíîé êîìáèíàöèè ïåðåìåííûõ ìîæíî

ïðèâåñòè ê âèäó óðàâíåíèé ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Îäíèì èç

òàêèõ óðàâíåíèé ÿâëÿþòñÿ îäíîðîäíûå óðàâíåíèÿ.

Ôóíêöèÿ f(x, y) íàçûâàåòñÿ îäíîðîäíîé èçìåðåíèÿ k, åñëè äëÿ ëþ-

áîãî äåéñòâèòåëüíîãî ÷èñëà t âûïîëíÿåòñÿ óñëîâèå f(tx, ty) = tkf(x, y).

Ôóíêöèÿ íàçûâàåòñÿ îäíîðîäíîé èçìåðåíèÿ 0, åñëè ïðè óìíîæåíèè x è y

íà îäèí è òîò æå ìíîæèòåëü ôóíêöèÿ íå ìåíÿåòñÿ, ò.å. f(tx, ty) = f(x, y).

Îäíîðîäíóþ ôóíêöèþ íóëåâîãî èçìåðåíèÿ ìîæíî ïðåäñòàâèòü â âèäå

f(x, y) = ϕ(y/x).

Ïðèìåð 3.1. Ïðîâåðüòå, ÷òî ôóíêöèÿ f(x, y) =
3x3 − x2y + 6y3

4x3 − 5xy2 + x2y
ÿâëÿ-

åòñÿ îäíîðîäíîé íóëåâîãî èçìåðåíèÿ.
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Îäíîðîäíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà çàïèñûâàþòñÿ â âèäå

y′ = f(x, y) (3.1)

ãäå f(x, y) � îäíîðîäíàÿ ôóíêöèÿ íóëåâîãî èçìåðåíèÿ. Ñäåëàâ çàìåíó

z(x) =
y(x)
x , (y(x) = x · z(x)), âû÷èñëèâ ïðîèçâîäíóþ y′ = z(x)+x · z′(x)

è îáîçíà÷èâ f(x, y) = ϕ(z), óðàâíåíèå (3.1) ìîæíî çàïèñàòü â âèäå z(x)+

x·z′(x) = ϕ(z), è ïðè ϕ(z)−z 6= 0 ïîëó÷èì óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè
dz

ϕ(z)− z
=

dx

x
.

Èíòåãðèðîâàíèå îáåèõ ÷àñòåé óðàâíåíèÿ äàåò∫
dz

ϕ(z)− z
= ln |x| − ln C.

(çäåñü, äëÿ óäîáñòâà, êîíñòàíòà èíòåãðèðîâàíèÿ çàïèñàíà â âèäå ln C).

Èç ýòîãî âûðàæåíèÿ ìîæíî ïîëó÷èòü ôóíêöèþ x = x(z): x = Ce
∫

dz
ϕ(z)−z .

Ïðèìåð 3.2. Ðåøèòå óðàâíåíèå dy
dx

=
y
x + sin2 y

x .

Ðåøåíèå . Ñäåëàåì çàìåíó z(x) =
y(x)
x , îòêóäà ïîëó÷àåì, ÷òî y(x) =

x · z(x). Âû÷èñëèì ïðîèçâîäíóþ y′ = z(x) + x · z′(x). Ïîäñòàâèì y′ è

y â óðàâíåíèå è ïîëó÷èì z + xz′ = z + sin2 z èëè xdz
dx

= sin2 z. Ðàçäå-

ëèì ïåðåìåííûå dz
sin2 z

= dx
x è íàéäåì ïåðâîîáðàçíûå äëÿ îáåèõ ÷àñòåé

óðàâíåíèÿ: − ctg z = ln |x| − C. Âîçðàòèâøèñü ê èñõîäíûì ïåðåìåííûì,

ïîëó÷èì îáùèé èíòåãðàë óðàâíåíèÿ ctg
y
x = C − ln |x|.

Çàäàíèå 3.1. Ðåøèòå óðàâíåíèå (y − x)ydx + x2dy = 0.

Çàäàíèå 3.2. Ðåøèòå óðàâíåíèå y′ =
x2 − 2xy + y2

xy − 3x2 .

Çàäàíèå 3.3. Ðåøèòå óðàâíåíèå y′ =
2x2 − 3xy + y2

xy − 3x2 .

Çàäàíèå 3.4. Ðåøèòå óðàâíåíèå y′ = y + tg
y
x .

Çàäàíèå 3.5. Ðåøèòå óðàâíåíèå y′ =
x2 − 2xy + 4y2

3xy − 4x2 .

Çàäàíèå 3.6. Ðåøèòå óðàâíåíèå y′ =
3x2 − 2xy + 5y2

x2 + 2xy − y2 .
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Ê îäíîðîäíûì ïðèâîäÿòñÿ óðàâíåíèÿ, ïðàâàÿ ÷àñòü êîòîðûõ çàâè-

ñèò îò ëèíåéíîé êîìáèíàöèè ïåðåìåííûõ: dy
dx

= f
(

a1x + b1y + c1
a2x + b2y + c2

)
ïðè

a1b2 − a2b1 6= 0, åñëè ïîëîæèòü z =
a1x + b1y + c1
a2x + b2y + c2

. Ìîæíî òàêæå ââåñòè

íîâûå ïåðåìåííûå u = x − α, v = y − β, ïðè÷åì α è β ïîäáèðàþò òàê,

÷òîáû âûðàæåíèå â ïðàâîé ÷àñòè ñòàëî îäíîðîäíûì.

Ïðèìåð 3.3. Ðåøèòå óðàâíåíèå dy
dx

=
x + y − 3
y − x + 1 .

Ñäåëàåì çàìåíó x = u−2, y = v−1 è ïîëó÷èì óðàâíåíèå du
dv

= u + v
v − u ,

êîòîðîå ÿâëÿåòñÿ îäíîðîäíûì.

�4. Ëèíåéíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

Ëèíåéíûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ïåðâîãî ïîðÿäêà íà-

çûâàþò óðàâíåíèÿ ëèíåéíûå (ò.å. ïåðâîé ñòåïåíè) îòíîñèòåëüíî íåèç-

âåñòíîé ôóíêöèè è åå ïðîèçâîäíîé:

y′ + p(x)y = q(x), (4.1)

ãäå p(x) è q(x) � íåïðåðûâíûå ôóíêöèè.

Åñëè q(x) = 0, òî óðàâíåíèå (4.1) íàçûâàåòñÿ ëèíåéíûì îäíîðîäíûì.

Â ïðîòèâíîì ñëó÷àå (êîãäà q(x) 6= 0) � ëèíåéíûì íåîäíîðîäíûì.

Â ëèíåéíîì îäíîðîäíîì óðàâíåíèè ïåðåìåííûå ðàçäåëÿþòñÿ. Äåé-

ñòâèòåëüíî, ïðè q(x) = 0 ïåðåíåñåì ñëàãàåìîå p(x)y â ïðàâóþ ÷àñòü è

ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

òèïà óðàâíåíèÿ (2.1), â êîòîðîì f1(x) = p(x), à f2(y) = y. Ðàçäåëèâ ïå-

ðåìåííûå è ïðîèíòåãðèðîâàâ (ïðîäåëàéòå ýòî ñàìîñòîÿòåëüíî), ïîëó÷èì

y(x) = Ce−
∫

p(x)dx, (4.2)

çäåñü C � êîíñòàíòà èíòåãðèðîâàíèÿ.

Äëÿ ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ ìîæíî ïðèìåíèòü ìåòîä âàðè-

àöèè ïðîèçâîëüíîé ïîñòîÿííîé. Áóäåì ñ÷èòàòü, ÷òî â ðåøåíèè (4.2) îä-

íîðîäíîãî óðàâíåíèÿ C ÿâëÿåòñÿ íå êîíñòàíòîé, à ôóíêöèåé îò x: C(x).

Äèôôåðåíöèðóÿ âûðàæåíèå (4.2), ïîëó÷èì, ÷òî

dy(x)

dx
=

C(x)

dx
e−

∫
p(x)dx − C(x)p(x)e−

∫
p(x)dx. (4.3)
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Ïîäñòàâëÿåì ðåçóëüòàò â íåîäíîðîäíîå óðàâíåíèå (4.1):

C(x)

dx
e−

∫
p(x)dx − C(x)p(x)e−

∫
p(x)dx + p(x)e−

∫
p(x)dx = q(x) (4.4)

Ñîêðàòèâ ñëàãàåìûå C(x)p(x)e−
∫

p(x)dx è óìíîæèâ îáå ÷àñòè óðàâíåíèÿ

íà e
∫

p(x)dx, ïîëó÷èì óðàâíåíèå äëÿ îïðåäåëåíèÿ ôóíêöèè C(x):

dC(x)

dx
= q(x)e

∫
p(x)dx. (4.5)

Ïðîèíòåãðèðîâàâ ýòî óðàâíåíèå è ïîäñòàâèâ ðåçóëüòàò â âûðàæåíèå

(4.2), ïîëó÷èì ðåøåíèå íåîäíîðîäíîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ ïåðâîãî ïîðÿäêà (4.1):

y(x) = e−
∫

p(x)dx

(
C̃ +

∫
q(x)e

∫
p(x)dxdx

)
. (4.6)

çäåñü C̃ íå çàâèñÿùàÿ îò x êîíñòàíòà èíòåãðèðîâàíèÿ óðàâíåíèÿ.

Äðóãîé ìåòîä ðåøåíèÿ íåîäíîðîäíîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ ïåðâîãî ïîðÿäêà çàêëþ÷àåòñÿ â òîì, ÷òî ìû ïðåäñòàâëÿåì

èñêîìóþ ôóíêöèþ y(x) â âèäå ïðîèçâåäåíèÿ äâóõ ôóíêöèé:

y(x) = u(x)v(x). (4.7)

Ïîäñòàâëÿÿ âûðàæåíèå (4.7) â óðàâíåíèå (4.1), ïðèâîäèì ýòî óðàâíåíèå

ê âèäó:

v(x)

(
du(x)

dx
+ p(x)u(x)

)
+

(
u(x)

dv(x)

dx
− q(x)

)
= 0 (4.8)

Ïðèðàâíÿâ íóëþ êàæäîå èç âûðàæåíèé, ñòîÿùåå â êâàäðàòíûõ ñêîáêàõ

(ïîñêîëüêó íåèçâåñòíûõ ôóíêöèé ó íàñ äâå, òî äëÿ èõ îïðåäåëåíèÿ òðåáó-

åòñÿ äâà óðàâíåíèÿ), ïîëó÷èì ëèíåéíîå îäíîðîäíîå óðàâíåíèå äëÿ ôóíê-

öèè u(x):
du(x)

dx
+ p(x)u(x) = 0 (4.9)

è óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè äëÿ ôóíêöèè v(x):

u(x)
dv(x)

dx
− q(x) = 0. (4.10)
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Ðåøèâ ýòè óðàâíåíèÿ, ïîëó÷èì ïîëíîå ðåøåíèå íåîäíîðîäíîãî ëèíåéíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà, â òî÷íîñòè ñîâïàäàþ-

ùåå ñ âûðàæåíèåì (4.6).

Îòìåòèì, ÷òî è ìåòîä âàðèàöèè ïîñòîÿííîé, è ïðåäñòàâëåíèå èñêîìîé

ôóíêöèè â âèäå ïðîèçâåäåíèÿ ïî ñóòè äâå ðàçíûå ôîðìû îäíîãî è òîãî

æå ìåòîäà ðåøåíèÿ óðàâíåíèÿ. Êàê ïðàâèëî, íè îäèí èç ýòèõ äâóõ ñïî-

ñîáîâ íå äàåò êàêèõ-ëèáî ïðåèìóùåñòâ, è âûáèðàþò òîò ñïîñîá, êîòîðûé

áîëüøå íðàâèòñÿ.

Ïðèìåð 4.1. Ðåøèòå óðàâíåíèå dy
dx

+
y

x− 1 = sin x .

Ðåøåíèå . Ðåøèì îäíîðîäíîå óðàâíåíèå dy
dx

+
y

x− 1 = 0. Ïåðåíåñåì

âòîðîå ñëàãàåìîå â ïðàâóþ ÷àñòü dy
dx

= − y
x− 1 , ðàçäåëèì ïåðåìåííûå

dy
y = −dx

x è ïðîèíòåãðèðóåì ln |y| = − ln |x−1|+ln C. Ïîñëå ïðåîáðàçî-

âàíèé ïîëó÷èì ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ y0 = C
x− 1 . Äëÿ ðåøå-

íèÿ íåîäíîðîäíîãî óðàâíåíèÿ áóäåì ñ÷èòàòü, ÷òî C ôóíêöèÿ ïåðåìåí-

íîé x è áóäåì èñêàòü ðåøåíèå â âèäå y =
C(x)
x− 1 . Âû÷èñëèì ïðîèçâîäíóþ

y′ =
C ′(x)(x− 1)− C(x)

(x− 1)2 è ïîäñòàâèì y è y′ â íåîäíîðîäíîå óðàâíåíèå.

Ïîëó÷èì
C ′(x− 1)− C

(x− 1)2 + C
(x− 1)2 = sin x, îòêóäà C ′ = (x− 1) sin x. Èí-

òåãðàë äëÿ íàõîæäåíèÿ C(x) áåðåòñÿ ïî ÷àñòÿì: u = x− 1, dv = sin xdx,

du = dx, v = − cos x è C(x) =
∫

(x−1) sin xdx = −(x−1) cos x+sin x+ C̃

(C̃ � êîíñòàíòà èíòåãðèðîâàíèÿ). Ïîäñòàâèì C(x) â ðåøåíèå. Èòàê, îá-

ùåå ðåøåíèå óðàâíåíèÿ y =
−(x− 1) cos x + sin x + C̃

x− 1 .

Îòìåòèì, ÷òî ìíîãèå äèôôåðåíöèàëüíûå óðàâíåíèÿ, êîòîðûå ôîð-

ìàëüíî íå ÿâëÿþòñÿ ëèíåéíûìè, ïóòåì çàìåíû ïåðåìåííûõ ìîãóò áûòü

ñâåäåíû ê ëèíåéíûì. Îäíèì èç ðàñïðîñòðàíåííûõ ñïîñîáîâ çàìåíû ïî-

ìåíÿòü ìåñòàìè ïåðåìåííûå x è y, ò.å. èñêàòü çàâèñèìîñòü íå y = y(x),

à x = x(y).

Ïðèìåð 4.2. Ðåøèòå óðàâíåíèå dy
dx

+ 1
2x− y2 = 0.

Áóäåì ñ÷èòàòü àðãóìåíòîì y, à ôóíêöèåé x. Òîãäà ñ ó÷åòîì òîãî, ÷òî
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dy
dx

=
(

dx
dy

)−1
èñõîäíîå óðàâíåíèå ïðåîáðàçóåòñÿ ê âèäó dx

dy
+x = y. Â ðå-

çóëüòàòå ïîëó÷èëè íåîäíîðîäíîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå

îòíîñèòåëüíî ôóíêöèè x(y), èíòåãðèðîâàíèå êîòîðîãî íå ïðåäñòàâëÿåò

òðóäà (ïðîäåëàéòå ýòî ñàìîñòîÿòåëüíî).

Ðàññìîòðèì åùå îäèí òèï óðàâíåíèé, êîòîðûé ñ ïîìîùüþ çàìåíû ïå-

ðåìåííûõ ñâîäèòñÿ ê ëèíåéíûì, � óðàâíåíèå Áåðíóëëè, èìåþùåå âèä

dy

dx
+ p(x)y = q(x)yn, (4.11)

êîòîðîå çàìåíîé ïåðåìåííûõ z = y1−n ñâîäèòñÿ ê ëèíåéíîìó. Äåéñòâè-

òåëüíî, äèôôåðåíöèðóÿ z(x) êàê ñëîæíóþ ôóíêöèþ îò y, íàõîäèì

dz

dx
=

dz

dy
· dy

dx
=

d

dy
(y1−n) = (1− n)y−ndy

dx
(4.12)

Ðàçäåëèâ îáå ÷àñòè óðàâíåíèÿ (4.11) íà y−n è èñïîëüçóÿ âûðàæåíèå

(4.12), ïîëó÷àåì äëÿ ôóíêöèè z(x) ëèíåéíîå íåîäíîðîäíîå äèôôåðåí-

öèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà.

1

1− n

dz

dx
+ p(x)z = f(x) (4.13)

Èíòåãðèðîâàíèå óðàâíåíèÿ (4.13) äàåò

y(x) = e−
∫

p(x)dx

(
C̃ +

∫
f(x)e

∫
p(x)dxdx

)1/(n−1)

. (4.14)

Óðàâíåíèå Áåðíóëëè ìîæåò áûòü ðåøåíî è ïðåäñòàâëåíèåì èñêîìîé

ôóíêöèè â âèäå ïðîèçâåäåíèÿ äâóõ ôóíêöèé.

Çàäàíèå 4.1. Ðåøèòå óðàâíåíèå y′ − y
x− 1 = x2.

Çàäàíèå 4.2. Ðåøèòå óðàâíåíèå y′ +
y

x + 1 = ex2+2x.

Çàäàíèå 4.3. Ðåøèòå óðàâíåíèå y′ − 2y
x− 3 = x− 2.

Çàäàíèå 4.4. Ðåøèòå óðàâíåíèå y′ − 2y ctg x = cos x.

Çàäàíèå 4.5. Ðåøèòå óðàâíåíèå y′ +
y

x + 1 = ln x.

Çàäàíèå 4.6. Ðåøèòå óðàâíåíèå y′ − y
x + 1 = ln(x + 1).

Çàäàíèå 4.7. Ðåøèòå óðàâíåíèå y′ − 2y
x + 1 = ln x.

Çàäàíèå 4.8. Ðåøèòå óðàâíåíèå y′ + 2xy = 3
√

2x + 1 ex2

.
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�5. Óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ.

Åñëè ìû ðàññìàòðèâàåì óðàâíåíèÿ ïåðâîãî ïîðÿäêà â äèôôåðåíöè-

àëüíîé ôîðìå

M(x, y)dx + N(x, y)dy = 0, (5.1)

òî ìîæåò îêàçàòüñÿ, ÷òî åãî ëåâàÿ ÷àñòü ÿâëÿåòñÿ ïîëíûì äèôôåðåíöè-

àëîì íåêîòîðîé ôóíêöèè äâóõ ïåðåìåííûõ U(x, y):

dU(x, y) =
∂U

∂x
dx +

∂U

∂y
dy = M(x, y)dx + N(x, y)dy = 0,

òî åñòü ôóíêöèè M(x, y) è N(x, y) ÿâëÿþòñÿ ÷àñòíûìè ïðîèçâîäíûìè

ôóíêöèè äâóõ ïåðåìåííûõ U(x, y):

M(x, y) =
∂U

∂x
, N(x, y) =

∂U

∂y
. (5.2)

Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû î ðàâåíñòâå ñìåøàííûõ ïðîèçâîäíûõ,

ïîðÿäîê âçÿòèÿ ÷àñòíûõ ïðîèçâîäíûõ íå âëèÿåò íà ðåçóëüòàò, òî åñòü
∂
∂y

(
∂U
∂x

)
= ∂

∂x

(
∂U
∂y

)
, òî ôóíêöèè M(x, y) è N(x, y) äîëæíû óäîâëå-

òâîðÿòü óñëîâèþ:
∂M(x, y)

∂y
=

∂N(x, y)

∂x
(5.3)

Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî óðàâíåíèå (5.1) ÿâëÿåòñÿ óðàâíåíèåì â ïîë-

íûõ äèôôåðåíöèàëàõ. Îáùèé èíòåãðàë ýòîãî óðàâíåíèÿ çàïèñûâàåòñÿ â

âèäå

U(x, y) = C, (5.4)

à óäîâëåòâîðÿþùèé íà÷àëüíîìó óñëîâèþ y(x0) = y0 ÷àñòíûé èíòåãðàë â

âèäå

U(x, y) = U(x0, y0) (5.5)

Íàéäåì ñíà÷àëà ÷àñòíûé èíòåãðàë óðàâíåíèÿ (5.1), óäîâëåòâîðÿþùèé

óñëîâèþ y(x0) = y0. Ïðîèíòåãðèðóåì, íàïðèìåð, ïåðâîå èç óðàâíåíèé

(5.2) ïî x, èñïîëüçóÿ ïðè ýòîì ïîíÿòèå îïðåäåëåííîãî èíòåãðàëà ñ ïåðå-

ìåííûì âåðõíèì ïðåäåëîì:

U(x, y) =
x∫

x0

M(x, y)dx + ϕ(y).
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Ïðè âû÷èñëåíèè èíòåãðàëà ñ÷èòàåòñÿ, ÷òî y = const, è èíòåãðèðîâàíèå

ïî x âûïîëíÿåòñÿ êàê îò îáû÷íîé ôóíêöèè îäíîé ïåðåìåííîé. Ïîýòîìó,

â îáùåì ñëó÷àå êîíñòàíòà èíòåãðèðîâàíèÿ çàâèñèò îò y: ϕ(y). Äëÿ íàõî-

æäåíèÿ ôóíêöèè ϕ(y) âîñïîëüçóåìñÿ âòîðûì óðàâíåíèåì (5.2). Ïðîäèô-

ôåðåíöèðîâàâ ïîëó÷åííîå âûðàæåíèå ïî y (ñ÷èòàÿ ïðè ýòîì x = const),

ïîëó÷èì:

∂U(x, y)
∂y

= ∂
∂y

(
x∫

x0

M(x, y)dx + ϕ(y)

)
=

x∫
x0

∂M(x, y)
∂y

dx +
dϕ(y)

dy
=

=
x∫

x0

∂N(x, y)
∂x

dx +
dϕ(y)

dy
= N(x, y)−N(x0, y) +

dϕ(y)
dy

= N(x, y),

çäåñü ìû âîñïîëüçîâàëèñü ñîîòíîøåíèåì (5.3). Â èòîãå óðàâíåíèå äëÿ

îòûñêàíèÿ ôóíêöèè ϕ(y) áóäåò èìåòü ïðîñòîé âèä
dϕ(y)

dx
= N(x0, y).

Âàæíî, ÷òî ëåâàÿ ÷àñòü ïîëó÷åííîãî óðàâíåíèÿ çàâèñèò òîëüêî îò ïåðå-

ìåííîé y (âåäü x0 � êîíñòàíòà!). Ïðîèíòåãðèðîâàâ îáå ÷àñòè óðàâíåíèÿ

ïî y â ïðåäåëàõ îò y0 äî y, ïîëó÷èì

ϕ(y) =
y∫

y0

N(x0, y)dy,

÷òî ïîçâîëÿåò çàïèñàòü ÷àñòíûé èíòåãðàë óðàâíåíèÿ (5.1) â âèäå

U(x, y) =

x∫
x0

M(x, y)dx +

y∫
y0

N(x0, y)dy = 0 (5.4)

Åñëè íà÷àòü èíòåãðèðîâàíèå ñî âòîðîãî óðàâíåíèÿ èç (5.2), òî ñîâåðøåí-

íî àíàëîãè÷íî ìîæíî ïîëó÷èòü, ÷òî

U(x, y) =

x∫
x0

M(x, y0)dx +

y∫
y0

N(x, y)dy = 0 (5.5)

Îòìåòèì, ÷òî â âûðàæåíèè (5.4) â ïåðâîì èíòåãðàëå ïåðåìåííàÿ y âî

âðåìÿ èíòåãðèðîâàíèè ïî x ñ÷èòàåòñÿ ïàðàìåòðîì, à ïîòîì îïÿòü � ïå-

ðåìåííîé. Àíàëîãè÷íî, â âûðàæåíèè (5.5) âî âòîðîì èíòåãðàëå ïåðåìåí-

íàÿ x ïðè èíòåãðèðîâàíèè ïî y ñ÷èòàåòñÿ ïàðàìåòðîì, à ïîòîì îïÿòü �

ïåðåìåííîé.

Ïðèìåð 5.1. Íàéäèòå ðåøåíèå óðàâíåíèÿ

(x2 − 3y + 2x)dx + (y − 3x + sin y)dy = 0, óäîâëåòâîðÿþùåå íà÷àëüíîìó
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óñëîâèþ y(2) = 0.

Ðåøåíèå . Äàíî M(x, y) = x2−3y+2x, N(x, y) = y−3x+sin y. Ýòî óðàâ-

íåíèå ÿâëÿåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ, åñëè âûïîëíåíî

óñëîâèå
∂M(x, y)

∂y
=

∂N(x, y)
∂x

. Èìååì
∂M(x, y)

∂y
= −3,

∂N(x, y)
∂x

= −3.

Ñëåäîâàòåëüíî, çàäàíî óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ. Äëÿ íàõî-

æäåíèÿ ôóíêöèè U(x, y) âû÷èñëèì èíòåãðàë U(x, y) =
∫

M(x, y)dx =∫
(x2 − 3y + 2x)dx = x3

3 − 3xy + x2 + ϕ(y). Íàéäåì ôóíêöèþ ϕ(y). Äëÿ

ýòîãî íàéäåì ÷àñòíóþ ïðîèçâîäíóþ
∂U(x, y)

∂y
è ïðèðàâíÿåì åå ôóíê-

öèè N(x, y). Èòàê,
∂U(x, y)

∂y
= −3x + ϕ′(y) = y − 3x + sin y, îòêóäà

ϕ′(y) = y + sin y è ϕ(y) =
∫

(y + sin y)dy =
y2

2 − cos y. Îáùèé èíòåãðàë

óðàâíåíèÿ èìååò âèä U(x, y) = x3

3 − 3xy + x2 +
y2

2 − cos y = C.

Íàéäåì ÷àñòíûé èíòåãðàë. Ïîäñòàâèì â îáùèé èíòåãðàë íà÷àëüíûå óñëî-

âèÿ: U(2, 0) = 23

3 −3 ·2 ·0+22+ 02

2 −cos 0 = C. Çíà÷èò, C = 8
3 +4−1 = 52

3

è ÷àñòíûé èíòåãðàë çàäàí óðàâíåíèåì x3

3 − 3xy + x2 +
y2

2 − cos y = 52
3 .

Çàäàíèå 5.1. Íàéäèòå ðåøåíèå óðàâíåíèÿ

(2x2 cos y − y2 sin x− 1)dx + (2− x3 sin y − y2 sin x)dy = 0.

Çàäàíèå 5.2. Íàéäèòå ðåøåíèå óðàâíåíèÿ

(sin y + y cos x)dx + (x cos y + sin x)dy = 0.

Çàäàíèå 5.3. Íàéäèòå ðåøåíèå óðàâíåíèÿ

(2x ln y + x2)dx + (x
2

y − 3)dy = 0.

Çàäàíèå 5.4. Íàéäèòå ðåøåíèå óðàâíåíèÿ

(x− y + 1)ex+ydx + (x− y − 1)ex+ydy = 0.

�6. Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ

óðàâíåíèÿ ïåðâîãî ïîðÿäêà y′ = f(x, y).

Ïðè ïîñòðîåíèè ðåøåíèé ðàññìîòðåííûõ âûøå óðàâíåíèé ìû íå îá-

ñóæäàëè îäèí î÷åíü âàæíûé âîïðîñ: âñåãäà ëè ìîæíî íàéòè ÷àñòíîå ðå-

øåíèå óðàâíåíèÿ, óäîâëåòâîðÿþùåå çàäàííîìó íà÷àëüíîìó óñëîâèþ (ðå-
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øèòü çàäà÷ó Êîøè). Åñëè íàì óäàëîñü ðåøèòü çàäà÷ó Êîøè, ò.å. ïîñòðî-

èòü êàêîå-ëèáî ÷àñòíîå ðåøåíèå, íåëüçÿ ëè íàéòè åùå îäíî èëè íåñêîëüêî

òàêèõ ðåøåíèé. Â òåõ ñëó÷àÿõ, êîãäà ðåøåíèå ïîñòðîåíî (èëè ïîäîáðàíî),

àêòóàëüíîé îñòàåòñÿ ëèøü âòîðàÿ ÷àñòü âîïðîñà. À åñëè ñðàçó íå óäàåòñÿ

íàéòè ðåøåíèå, òî âàæíî çíàòü, ñóùåñòâóåò ëè èñêîìîå ðåøåíèå â ïðèí-

öèïå (âåäü èñêàòü òî, ÷åãî íåò, çàíÿòèå âåñüìà íåáëàãîäàðíîå). Îòâåò íà

ýòîò î÷åíü âàæíûé âîïðîñ äàåò ñëåäóþùàÿ òåîðåìà î ñóùåñòâîâàíèè è

åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

Òåîðåìà 6.1. Åñëè â äèôôåðåíöèàëüíîì óðàâíåíèè y′ = f(x, y)

1. ôóíêöèÿ f(x, y) íåïðåðûâíà è îãðàíè÷åíà â íåêîòîðîé îáëàñòè D

ïëîñêîñòè (x, y),

2. èìååò â îáëàñòè D îãðàíè÷åííóþ ÷àñòíóþ ïðîèçâîäíóþ: ∂f
∂y

, èëè,

÷òî òî æå ñàìîå, óäîâëåòâîðÿåò â îáëàñòè D óñëîâèþ Ëèïøèöà:

|f(x, y1) − f(x, y2)| 6 N |y1 − y2|, ãäå N = const > 0, òî äëÿ ëþáîé

òî÷êè (x0, y0) ∈ D â íåêîòîðîì èíòåðâàëå x0 − δ 6 x 6 x + 0 + δ ñó-

ùåñòâóåò è ïðèòîì åäèíñòâåííîå ðåøåíèå ýòîãî óðàâíåíèÿ y = y(x),

óäîâëåòâîðÿþùåå óñëîâèþ y(x0) = y0.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ìû çäåñü ïðèâîäèòü íå áóäåì.

Ãåîìåòðè÷åñêèé ñìûñë òåîðåìû äîñòàòî÷íî ïðîñò: ÷åðåç êàæäóþ òî÷-

êó îáëàñòè D, â êîòîðîé çàäàíî äèôôåðåíöèàëüíîå óðàâíåíèå, îáÿçà-

òåëüíî ïðîõîäèò, ïðè÷åì òîëüêî îäíà, èíòåãðàëüíàÿ êðèâàÿ.

Åñëè â îäíîé èëè íåêîòîðîì ïîäìíîæåñòâå òî÷åê òîé îáëàñòè ïëîñêî-

ñòè (x, y), â êîòîðîé íàñ èíòåðåñóåò ðåøåíèå äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ, íàðóøàåòñÿ õîòÿ áû îäíî èç óñëîâèé òåîðåìû 6.1, òî íåëüçÿ ãàðàí-

òèðîâàòü íàëè÷èå ÷àñòíûõ ðåøåíèé ýòîãî óðàâíåíèÿ, ïðîõîäÿùèõ ÷åðåç

ýòè òî÷êè, à åñëè òàêèå ðåøåíèÿ ñóùåñòâóþò, òî íåëüçÿ ãàðàíòèðîâàòü

èõ åäèíñòâåííîñòü.

Òå òî÷êè ïëîñêîñòè (x, y), ÷åðåç êîòîðûå â ðåçóëüòàòå íàðóøåíèÿ óñëî-

âèé òåîðåìû 6.1 ïðîõîäèò íåñêîëüêî èíòåãðàëüíûõ êðèâûõ, íàçûâàþòñÿ

îñîáûìè òî÷êàìè. À òå ðåøåíèÿ óðàâíåíèÿ y′ = f(x, y) (èíòåãðàëüíûå

êðèâûå), êàæäàÿ òî÷êà êîòîðûõ ÿâëÿåòñÿ îñîáîé íàçûâàþòñÿ îñîáûìè
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ðåøåíèÿìè (îñîáûìè èíòåãðàëüíûìè êðèâûìè).

Òåïåðü ìû ìîæåì äàòü ñòðîãîå îïðåäåëåíèå îáùåãî ðåøåíèÿ äèôôå-

ðåíöèàëüíîãî óðàâíåíèÿ: îáùèì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ íàçûâàþò ìíîæåñòâî âñåõ åãî ÷àñòíûõ ðåøåíèé, óäîâëåòâîðÿþ-

ùèõ óñëîâèÿì òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ

äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Îòìåòèì, ÷òî îñîáîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ íå ìî-

æåò áûòü ïîëó÷åíî èç îáùåãî ðåøåíèÿ íè ïðè êàêèõ çíà÷åíèÿõ êîíñòàí-

òû èíòåãðèðîâàíèÿ C. Ýòî îñîáîå ðåøåíèå (åñëè îíî ñóùåñòâóåò äëÿ

äàííîãî óðàâíåíèÿ) ÿâëÿåòñÿ îñîáîé èíòåãðàëüíîé êðèâîé.

�7. Äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ.

Îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì íàçûâàåòñÿ óðàâíå-

íèå, ñâÿçûâàþùåå íåçàâèñèìóþ ïåðåìåííóþ x, èñêîìóþ ôóíêöèþ y(x)

è åå ïðîèçâîäíûå y′(x), y′′(x), . . .:

F (x, y(x), y′(x), y′′(x), . . . , y(n)(x)) = 0. (7.1)

Åñëè óðàâíåíèå (7.1) ìîæíî ïðèâåñòè ê âèäó:

y(n)(x) = f(x, y(x), y′(x), y′′(x), . . . , y(n−1)(x)), (7.2)

òî ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, ðàçðåøåííîå

îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé.

Â îáùåì ñëó÷àå óðàâíåíèÿ (7.1) è (7.2) íå ýêâèâàëåíòíû.

Ïîðÿäêîì äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàçûâàþò ïîðÿäîê ñòàðøåé

ïðîèçâîäíîé, âõîäÿùåé â ýòî äèôôåðåíöèàëüíîå óðàâíåíèå.

Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ (÷àñòíûì ðåøåíèåì) íà èí-

òåðâàëå (a; b) íàçûâàåòñÿ òàêàÿ ôóíêöèÿ y = ϕ(x), êîòîðàÿ îïðåäåëåíà

íà (a; b), èìååò íåïðåðûâíûå ïðîèçâîäíûå è, áóäó÷è ïîäñòàâëåííîé, âìå-

ñòå ñ åå ïðîèçâîäíûìè â äèôôåðåíöèàëüíîå óðàâíåíèå, îáðàùàåò åãî â

òîæäåñòâî äëÿ ëþáîãî x ∈ (a, b). Èíòåãðàëîì (÷àñòíûì èíòåãðàëîì)

äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàçûâàåòñÿ åãî ëþáîå ðåøåíèå, çàäàííîå

íåÿâíîé ôóíêöèåé ϕ(x, y) = 0.
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Äèôôåðåíöèàëüíîå óðàâíåíèå èìååò áåñêîíå÷íî ìíîãî ðåøåíèé (èí-

òåãðàëîâ). Äëÿ îáîçíà÷åíèÿ ýòîãî ìíîæåñòâà ââîäèòñÿ ïîíÿòèå îáùåãî

ðåøåíèÿ (îáùåãî èíòåãðàëà) äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Îñíîâíàÿ çàäà÷à òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé íàõîæäåíèå

âñåõ ðåøåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ è îïèñàíèå èõ ñâîéñòâ.

Îäíàêî, äëÿ ïðèëîæåíèé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé âàæíîå

çíà÷åíèå èìååò çàäà÷à, â êîòîðîé èùåòñÿ ðåøåíèå óðàâíåíèÿ (7.1), óäî-

âëåòâîðÿþùåå äîïîëíèòåëüíûì óñëîâèÿì, ñîñòîÿùèì â òîì, ÷òî ôóíê-

öèÿ âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî (n− 1) ïîðÿäêà äîëæíà ïðèíè-

ìàòü â òî÷êå x0 çàäàííûå çíà÷åíèÿ (íà÷àëüíûå óñëîâèÿ)

y(x0) = y0, y′(x0) = y′0, . . . , y
(n−1)(x0) = y

(n−1)
0 . (7.3)

Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîñòàâëå-

íà çàäà÷à Êîøè. Ïðè çàäàíèè íà÷àëüíûõ óñëîâèé âàæíî, ÷òîáû êîëè÷å-

ñòâî ýòèõ óñëîâèé â òî÷íîñòè ñîâïàäàëî ñ ïîðÿäêîì äèôôåðåíöèàëüíîãî

óðàâíåíèÿ.

Êàê è äëÿ óðàâíåíèÿ ïåðâîãî ïîðÿäêà, äëÿ çàäà÷è Êîøè óðàâíåíèÿ

n-ãî ïîðÿäêà ñôîðìóëèðîâàíà è äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè ðåøåíèÿ, ïðèâîäèìàÿ íèæå (áåç äîêàçàòåëüñòâà).

Òåîðåìà 7.1. Åñëè â äèôôåðåíöèàëüíîì óðàâíåíèè

y(n)(x) = f(x, y(x), y′(x), y′′(x), . . . , y(n−1)(x)) ôóíêöèÿ

f(x, y(x), y′(x), y′′(x), . . . , y(n−1)(x)) íåïðåðûâíà â íåêîòîðîé îá-

ëàñòè D, èìååò â îáëàñòè D ïî âñåì ñâîèì àðãóìåí-

òàì, íà÷èíàÿ ñî âòîðîãî, îãðàíè÷åííûå ÷àñòíûå ïðîèçâîäíûå
∂f(x, y, y′, . . . , y(n−1))

∂y
,

∂f(x, y, y′, . . . , y(n−1))
∂y′

, . . . ,
∂f(x, y, y′, . . . , y(n−1))

∂y(n−1) ,

òî â îêðåñòíîñòè ëþáîé òî÷êè (x0, y0, y
′
0, . . . , y

(n−1)
0 ) ñóùåñòâóåò è

ïðèòîì åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ y = ϕ(x, C10, C20, . . . , Cn0),

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì y(x0) = y0, y′(x0) = y′0,

. . . , y(n−1)(x0) = y
(n−1)
0 .

Ñìûñë ñôîðìóëèðîâàííîé âûøå òåîðåìû çàêëþ÷àåòñÿ â òîì, ÷òî ðå-

øåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ n-ãî ïîðÿäêà (ïðè âûïîëíåíèè îïðå-
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äåëåííûõ óñëîâèé) âñåãäà ñóùåñòâóåò, ïðè÷åì ýòî ðåøåíèå åäèíñòâåííî.

Äðóãèìè ñëîâàìè, åñëè ìû êàêèì-òî îáðàçîì "óãàäàëè" ðåøåíèå çàäà÷è

Êîøè, òî ýòî ðåøåíèå ïîëíîñòüþ èñ÷åðïûâàåò çàäà÷ó.

�8. Äèôôåðåíöèàëüíûå óðàâíåíèÿ, äîïóñêàþùèå ïîíèæåíèå

ïîðÿäêà.

1. Ïðîñòåéøåå äèôôåðåíöèàëüíîå óðàâíåíèå, èìåþùåå ïîðÿäîê âûøå

ïåðâîãî è ïîçâîëÿþùåå ïîíèçèòü ïîðÿäîê òàê, ÷òî åãî óäàåòñÿ ïðîèíòå-

ãðèðîâàòü, èìååò âèä:

y(n) = f(x). (8.1)

Ïðîèíòåãðèðîâàâ îáå ÷àñòè óðàâíåíèÿ (8.1), ïîëó÷èì óðàâíåíèå, ïîðÿäîê

êîòîðîãî óìåíüøèëñÿ íà åäèíèöó:

y(n−1) =
∫

f(x)dx + (n − 1)!Cn, çäåñü ìíîæèòåëü (n − 1)! ââåäåí äëÿ

óäîáñòâà.

Ïîðÿäîê ýòîãî óðàâíåíèÿ ìîæåò áûòü ïîíèæåí òî÷íî òàê æå, êàê ýòî

áûëî ñäåëàíî â óðàâíåíèè (8.1).

y(n−2) =
∫ (∫

f(x)dx
)
dx + (n− 1)!Cnx + (n− 2)!Cn−1.

Ïðîäåëàâ ýòó ïðîöåäóðó n ðàç, ìû â èòîãå ïîëó÷èì ñëåäóþùåå ðåøå-

íèå, ñîäåðæàùåå ïîñëåäîâàòåëüíîå n-êðàòíîå èíòåãðèðîâàíèå ôóíêöèè

f(x):

y(x) = C1 + C2x + . . . + Cnx
n−1 +

∫
. . .

∫
︸ ︷︷ ︸

n

f(x) dx . . . dx︸ ︷︷ ︸
n

(8.2)

Ïðèìåð 8.1. Ðåøèòå óðàâíåíèå y′′′ = 12x2 + 32 cos 2x.

Ðåøåíèå . Ïîðÿäîê äàííîãî óðàâíåíèÿ ðàâåí òðåì (n = 3). Ïîýòîìó

ïîëó÷èì:

y′′ =
∫

(12x2 + 32 cos 2x)dx = 4x3 + 16 sin 2x + 2C3,

y′ =
∫

(4x3 + 16 sin 2x + 2C2)dx = x4 − 8 sin 2x + 2C3x + C2,

y =
∫

(x4 − 8 sin 2x + 2C2x + C1)dx = 0, 2x5 − 4 cos 2x + C3x
2 + C2x + C1.
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2. Óðàâíåíèå, íå ñîäåðæàùåå ÿâíî y, y′, . . . , y(k) òàêæå ïîçâîëÿåò ïî-

íèçèòü ïîðÿäîê. Ðàññìîòðèì óðàâíåíèå

F (x, y(k), . . . , y(n)) = 0. (8.3)

Ïðîâåäÿ çàìåíó ïåðåìåííûõ z(x) = y(k)(x), ïîëó÷èì óðàâíåíèå ïîðÿäêà

(n − k) îòíîñèòåëüíî ôóíêöèè z(x). Ðåøèâ åãî, òî åñòü íàéäÿ ÿâíûé

âèä ôóíêöèè z(x), èç óðàâíåíèÿ y(k) = z(x) ñ èçâåñòíîé ïðàâîé ÷àñòüþ

íàéäåì ôóíêöèþ y(x).

Ïðèìåð 8.2. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ y′′′ − y′′

x + 1 = 0.

Ðåøåíèå . Ñäåëàåì çàìåíó y′′ = z(x). Òîãäà óðàâíåíèå ïðèìåò âèä

z′ − z
x + 1 = 0.

Ðåøèì åãî: dz
dx

= z
x + 1 ,

dz
z = dx

x + 1 , ln |z| = ln |x + 1| + ln C1,

z = C1(x + 1). Âîçâðàùàÿñü ê ïåðåìåííîé y, ïîëó÷èì y′′ = C1(x + 1).

Îòêóäà y′ = C1(x
2/2 + x) + C2 è îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

y = C1(x
3/6 + x2/2) + C2x + C3.

3. Ê óðàâíåíèÿì, ïîçâîëÿþùèì ïîíèçèòü ïîðÿäîê, òàêæå îòíîñÿòñÿ

óðàâíåíèÿ, íå ñîäåðæàùèå ÿâíî x. Ðàññìîòðèì óðàâíåíèå

F (y, y′, y′′) = 0. (8.4)

Â ýòîì óðàâíåíèè ñäåëàåì çàìåíó y′ = p(y). Òîãäà ïðîèçâîäíàÿ y′(x)

íåèçâåñòíîé ôóíêöèè y(x) çàâèñèò îò x íåÿâíî, è ÿâëÿåòñÿ ñëîæíîé

ôóíêöèåé îò x: y′(x) = p(y(x)). Äëÿ âòîðîé ïðîèçâîäíîé îò ôóíêöèè

y ñïðàâåäëèâî ðàâåíñòâî y′′ =
dp(y)
dy

· dy
dx

=
dp
dy

· p(y).

Â ðåçóëüòàòå òàêîé ïîäñòàíîâêè óðàâíåíèå (8.4) ñòàíîâèòñÿ óðàâíåíè-

åì ïåðâîãî ïîðÿäêà îòíîñèòåëüíî ôóíêöèè p(y):

F (y, p(y), p′(y) · p(y)) = 0. (8.5)

Ðåøèâ ýòî óðàâíåíèå, ïîëó÷èì óðàâíåíèå âèäà y′ = p(y), êîòîðîå ÿâëÿ-

åòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

Ïðèìåð 8.3. Ðåøèòå óðàâíåíèå y′′ + 2y(y′)3 = 0.
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Ðåøåíèå . Çàìåíîé y′ = p(y) è y′′ = p′(y) · p(y), îíî ñâîäèòñÿ ê óðàâíå-

íèþ ïåðâîãî ïîðÿäêà p(y)
dp
dy

+ 2y(p(y))3 = 0, îòêóäà dp
dy

+ 2y(p(y))2 = 0

èëè p(y) = 0. Âòîðîå óðàâíåíèå äàåò òðèâèàëüíîå ðåøåíèå y = const,

à ïåðâîå ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè è â ðå-

çóëüòàòå èíòåãðèðîâàíèÿ äàåò y′(x) = p(y) = 1
y2 + C1

. Ïðîèíòåãðèðîâàâ

â ñâîþ î÷åðåäü ýòî óðàâíåíèå, ïîëó÷èì îáùèé èíòåãðàë èñõîäíîãî óðàâ-

íåíèÿ x = y3/3 + C1y + C2.

�9. Ëèíåéíûå óðàâíåíèÿ n-ãî ïîðÿäêà.

Ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå n-ãî ïîðÿäêà èìååò âèä

an(x)y(n)(x)+an−1(x)y(n−1)(x)+. . .+a1(x)y′(x)+a0(x)y(x) = f(x), (9.1)

ãäå ak(x) (k = 0, 1, 2, . . . , n; an(x) 6= 0) è f(x) � çàäàííûå ôóíêöèè.

Åñëè âñå êîýôôèöèåíòû ak(x) (k = 0, 1, 2, . . . , n) è ïðàâàÿ ÷àñòü f(x)�

íåïðåðûâíûå ôóíêöèè àðãóìåíòà x, òî ïðè ëþáûõ íà÷àëüíûõ óñëîâèÿõ

ðåøåíèå óðàâíåíèÿ (9.1) ñóùåñòâóåò è åäèíñòâåííî:

Òåîðåìà 9.1. Åñëè ôóíêöèè ak(x) (k = 0, 1, 2, . . . , n) è f(x) íåïðå-

ðûâíû íà ïðîìåæóòêå [a; b], òî äëÿ ëþáûõ íà÷àëüíûõ óñëîâèé

y(x0) = y0, y′(x0) = y′0, . . . , y
(n−1)(x0) = y

(n−1)
0 ñóùåñòâóåò åäèíñòâåí-

íîå ðåøåíèå óðàâíåíèÿ (9.1), îïðåäåëåííîå íà [a; b] è óäîâëåòâîðÿþùåå

íà÷àëüíûì óñëîâèÿì.

Åñëè f(x) ≡ 0, òî ëèíåéíîå óðàâíåíèå (9.1) íàçûâàþò îäíîðîäíûì, â

ïðîòèâíîì ñëó÷àå � íåîäíîðîäíûì.

×àñòî äëÿ êðàòêîñòè èñïîëüçóþò ñèìâîëè÷åñêóþ çàïèñü óðàâíåíèÿ

òèïà (9.1), ââîäÿ îïåðàòîð L:

L[y] = an(x)y(n)(x) + an−1(x)y(n−1)(x) + . . . + a1(x)y′(x) + a0(x)y(x)

èëè L[y] =
n∑

k=0
ak(x)y(k)(x).

Òîãäà óðàâíåíèå ìîæíî çàïèñàòü â âèäå

L[y] = 0 (îäíîðîäíîå) (9.2)

L[y] = f(x) (íåîäíîðîäíîå) (9.3)
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Îïåðàòîð L ÿâëÿåòñÿ ëèíåéíûì. Â ñàìîì äåëå

L[αy1 + βy2] =
n∑

k=0
ak(x)(αy1(x) + βy2(x))(k) = α

n∑
k=0

ak(x)y
(k)
1 (x) +

β
n∑

k=0
ak(x)y

(k)
2 (x) = αL[y1] + βL[y2].

Ðåøåíèÿ ëèíåéíûõ óðàâíåíèé îáëàäàþò ñâîéñòâàìè, êîòîðûå áóäóò â

äàëüíåéøåì èñïîëüçîâàòüñÿ äëÿ ïîñòðîåíèÿ îáùåãî ðåøåíèÿ. Ñôîðìó-

ëèðóåì è äîêàæåì ýòè ñâîéñòâà:

Òåîðåìà 9.2. Åñëè ôóíêöèè y1(x) è y2(x) ÿâëÿþòñÿ ðåøåíèÿìè óðàâ-

íåíèé L[y] = f1(x) è L[y] = f2(x) ñîîòâåòñòâåííî, òî ôóíêöèÿ

y1(x) + y2(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ L[y] = f1(x) + f2(x).

Äîêàçàòåëüñòâî. Ïî óñëîâèþ òåîðåìû L[y1] = f1(x) è L[y2] = f2(x).

Ïî ñâîéñòâó ëèíåéíîãî îïåðàòîðà èìååì L[y1 + y2] = L[y1] + L[y2] =

f1(x) + f2(x).

Ñëåäñòâèå 9.3. Åñëè ôóíêöèÿ y1(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

L[y] = f(x), à ôóíêöèÿ y2(x) ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî óðàâíå-

íèÿ L[y] = 0, òî ôóíêöèÿ y1(x) + y2(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

L[y] = f(x).

Ñëåäñòâèå 9.4. Åñëè ôóíêöèè y1(x), y2(x), . . . , yk(x) ÿâëÿþòñÿ ðåøå-

íèÿìè îäíîðîäíîãî óðàâíåíèÿ L[y] = 0, òî ôóíêöèÿ y(x) = C1 y1(x) +

C2 y2(x) + . . . + Ck yk(x) òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî óðàâíåíèÿ.

Â êóðñå ëèíåéíîé àëãåáðû ìû ïîêàçàëè, ÷òî ìíîæåñòâî îïðåäåëåííûõ

íà [a; b] ôóíêöèé îáðàçóåò ëèíåéíîå ïðîñòðàíñòâî. Ìíîæåñòâî íåïðå-

ðûâíûõ íà [a; b] ôóíêöèé è ìíîæåñòâî n ðàç äèôôåðåíöèðóåìûõ íà

[a; b] ôóíêöèé îáðàçóþò ïîäïðîñòðàíñòâà ýòîãî ëèíåéíîãî ïðîñòðàíñòâà

(C[a; b] è Cn[a; b]).

Ñëåäñòâèå 9.5. Ìíîæåñòâî âñåõ ðåøåíèé ëèíåéíîãî äèôôåðåíöèàëü-

íîãî îäíîðîäíîãî óðàâíåíèÿ îáðàçóåò ïîäïðîñòðàíñòâî ïðîñòðàíñòâà

Cn[a; b].

Äëÿ èçëîæåíèÿ ñëåäóþùåãî ìàòåðèàëà ïîíàäîáÿòñÿ íåêîòîðûå ïîíÿ-

òèÿ ëèíåéíîé àëãåáðû. Âñïîìíèì èõ.
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Ñèñòåìà ôóíêöèé y1(x), y2(x), . . . , yk(x) íàçûâàåòñÿ ëèíåéíî çàâèñè-

ìîé íà îòðåçêå [a; b], åñëè ìîæíî íàéòè íàáîð íåðàâíûõ îäíîâðåìåííî

íóëþ êîíñòàíò λk, òàêèõ ÷òî, äëÿ âñåõ x ∈ [a; b] ñïðàâåäëèâî ðàâåíñòâî

λ1 y1(x) + λ2 y2(x) + . . . + λk yk(x) = 0 (9.4)

Ëåâàÿ ÷àñòü ðàâåíñòâà (9.4) íàçûâàåòñÿ ëèíåéíîé êîìáèíàöèåé ôóíêöèé

y1(x), y2(x), . . . , yk(x). Åñëè æå äëÿ ôóíêöèé y1(x), y2(x), . . . , yk(x) òàêî-

ãî íàáîðà íåðàâíûõ îäíîâðåìåííî íóëþ êîíñòàíò λk íå ñóùåñòâóåò, òî

åñòü ðàâåíñòâî (9.4) ñïðàâåäëèâî òîëüêî ïðè óñëîâèè, ÷òî âñå λk = 0, òî

ãîâîðÿò, ÷òî ôóíêöèè y1(x), y2(x), . . . , yk(x) ëèíåéíî íåçàâèñèìû.

Ïðèâåäåì ïðèìåðû ëèíåéíî çàâèñèìûõ èëè ëèíåéíî íåçàâèñèìûõ ñè-

ñòåì ôóíêöèé:

à) Ñèñòåìà ôóíêöèé sin2 x, cos2 x, a ïðè a 6= 0 � ëèíåéíî çàâèñèìà íà

(−∞; +∞), òàê êàê 1 · sin2 x + 1 · cos2 x + −1
a · a = 0;

á) Ôóíêöèè 1, x, x2, . . . , xn � ëèíåéíî íåçàâèñèìû. Ïî îñíîâíîé òåîðåìå

àëãåáðû ìíîãî÷ëåí a0 + a1x + a2x
2 + . . . + anx

n îáðàùàåòñÿ â íîëü íå

áîëåå ÷åì â n òî÷êàõ.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 9.6. Êàæäîå ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíå-

íèå n-ãî ïîðÿäêà èìååò ðîâíî n ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé

y1(x), y2(x), . . . , yn(x).

Ñîâîêóïíîñòü ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé ëèíåéíîãî îä-

íîðîäíîãî óðàâíåíèÿ íàçûâàþò ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé.

Òåîðåìà 9.7. (Î ñòðóêòóðå îáùåãî ðåøåíèÿ ëèíåéíîãî îäíîðîä-

íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà) Îáùåå ðåøå-

íèå ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

L[y] = 0 ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíàöèþ åãî n ëèíåéíî íåçà-

âèñèìûõ ÷àñòíûõ ðåøåíèé (ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé)

C1 y1(x) + C2 y2(x) + . . . + Cn yn(x) = 0, (9.5)

ãäå C1, C2, . . . , Cn � ïðîèçâîëüíûå ïîñòîÿííûå (áåç äîêàçàòåëüñòâà).
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Ïðèìåð 9.1. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ x2y′′ + xy′ − y = 0.

Ýòî óðàâíåíèå èìååò äâà ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèÿ

y1 = x è y1 = 1
x , â ÷åì ëåãêî óáåäèòüñÿ íåïîñðåäñòâåííîé ïîäñòàíîâ-

êîé. Òîãäà ñîãëàñíî òåîðåìå 9.7 îáùåå ðåøåíèå èìååò âèä y = C1x+ C2
x .

Êñòàòè, äëÿ äâóõ íåíóëåâûõ ôóíêöèé óñëîâèå ëèíåéíîé íåçàâèñèìî-

ñòè ðàâíîñèëüíî óñëîâèþ y1
y2
6= const.

Òåîðåìà 9.8. (Î ñòðóêòóðå îáùåãî ðåøåíèÿ ëèíåéíîãî íåîäíî-

ðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà) Îáùåå ðå-

øåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïî-

ðÿäêà L[y] = f(x) ïðåäñòàâëÿåò ñîáîé ñóììó îáùåãî ðåøåíèÿ yoo ñî-

îòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

n-ãî ïîðÿäêà L[y] = 0 è ëþáîãî ÷àñòíîãî ðåøåíèÿ y÷í(x) íåîäíîðîäíîãî

óðàâíåíèÿ L[y] = f(x) (áåç äîêàçàòåëüñòâà).

yoí(x) = yoo(x) + y÷í(x) (9.6)

Ïðèìåð 9.2. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ x2y′′ + xy′ − y = 3x2.

Îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ íàéäåíî â

ïðèìåðå 9.1 è èìååò âèä y = C1x + C2
x . ×àñòíîå ðåøåíèå íåîäíîðîäíîãî

óðàâíåíèÿ èìååò âèä y÷í(x) = x2 (ðåøåíèå íàéäåíî ìåòîäîì ïîäáîðà

ôóíêöèè, ñîîòâåòñòâóþùåé âèäó ïðàâîé ÷àñòè).

Ïîäîáðàâ ÷àñòíîå ðåøåíèå, ìû ñîãëàñíî òåîðåìå 9.8 ìîæåì ïîñòðîèòü

îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

yoí(x) = yoo(x) + y÷í(x) = C1x + C2
x + x2.

Ïîñêîëüêó äëÿ íàõîæäåíèÿ ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé îäíî-

ðîäíîãî óðàâíåíèÿ âàæíà ëèíåéíàÿ íåçàâèñèìîñòü ôóíêöèé áûë âûâå-

äåí êðèòåðèé ëèíåéíîé íåçàâèñèìîñòè ÷àñòíûõ ðåøåíèé ëèíåéíîãî äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ.

Ïóñòü ôóíêöèè y1(x), y2(x), . . . , yn(x) n− 1 ðàç äèôôåðåíöèðóåìû (â

÷àñòíîñòè y1(x), y2(x), . . . , yn(x) � íàáîð ÷àñòíûõ ðåøåíèé ëèíåéíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà). Ïîñòðîèì ìàòðèöó ðàç-
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ìåðà n× n 
y1(x) y2(x) . . . yn(x)

y′1(x) y′2(x) . . . y′n(x)

. . . . . . . . . . . .

y
(n−1)
1 (x) y

(n−1)
2 (x) . . . y

(n−1)
n (x)

 .

Îïðåäåëèòåëü ýòîé ìàòðèöû íàçûâàþò îïðåäåëèòåëåì Âðîíñêîãî èëè

Âðîíñêèàíîì

W =

∣∣∣∣∣∣∣∣∣∣
y1(x) y2(x) . . . yn(x)

y′1(x) y′2(x) . . . y′n(x)

. . . . . . . . . . . .

y
(n−1)
1 (x) y

(n−1)
2 (x) . . . y

(n−1)
n (x)

∣∣∣∣∣∣∣∣∣∣
. (9.7)

Òåîðåìà 9.9. (Î ëèíåéíîé çàâèñèìîñòè ñèñòåìû ôóíêöèé). Åñ-

ëè ñèñòåìà ôóíêöèé y1(x), y2(x), . . . , yn(x) ëèíåéíî çàâèñèìà íà (a; b),

òî îïðåäåëèòåëü Âðîíñêîãî äëÿ ýòîé ñèñòåìû íà (a; b) òîæäåñòâåííî

ðàâåí íóëþ.

Äîêàçàòåëüñòâî. Äîêàæåì òåîðåìó äëÿ ñëó÷àÿ n = 3. Ïóñòü ôóíê-

öèè y1(x), y2(x), y3(x) � ëèíåéíî çàâèñèìû, òî åñòü λ1y1(x) + λ2y2(x) +

λ3y3(x) = 0 è λ3 6= 0. Òîãäà y3(x) = C1y1(x) + C2y2(x), ãäå C1 =

−λ1
λ3

, C2 = −λ2
λ3
. Ñîñòàâèì îïðåäåëèòåëü Âðîíñêîãî

W =

∣∣∣∣∣∣∣
y1(x) y2(x) y3(x)

y′1(x) y′2(x) y′3(x)

y2
1(x) y2

2(x) y2
3(x)

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
y1(x) y2(x) C1y1(x) + C2y2(x)

y′1(x) y′2(x) C1y
′
1(x) + C2y

′
2(x)

y2
1(x) y2

2(x) C1y
′′
1(x) + C2y

′′
2(x)

∣∣∣∣∣∣∣ = 0,

òàê êàê òðåòèé ñòîëáåö � ëèíåéíàÿ êîìáèíàöèÿ ïåðâûõ äâóõ.

Èç òåîðåìû 9.9 ñëåäóåò, ÷òî åñëè îïðåäåëèòåëü Âðîíñêîãî äëÿ íåêî-

òîðîé ñèñòåìû ôóíêöèé íå ðàâåí òîæäåñòâåííî íóëþ íà (a; b), òî ýòà

ñèñòåìà ôóíêöèé ëèíåéíî íåçàâèñèìà.

Çàäàíèå 9.1. Äîêàæèòå ñ ïîìîùüþ îïðåäåëèòåëÿ Âðîíñêîãî ëèíåéíóþ

íåçàâèñèìîñòü êàæäîé èç ñèñòåì ôóíêöèé.

1) 1, x, x2, x3;

2) sin x, cos x, sin 2x, cos 2x;

3) e−x, e2x, e3x.

24



Çàìåòèì, ÷òî ñèñòåìà ôóíêöèé y1(x), y2(x), . . . , yn(x) ìîæåò áûòü ëè-

íåéíî íåçàâèñèìîé íà (a; b), íî îïðåäåëèòåëü Âðîíñêîãî äëÿ ýòîé ñèñòå-

ìû ôóíêöèé ìîæåò áûòü íà (a; b) òîæäåñòâåííî ðàâåí íóëþ. Íàïðèìåð,

åñëè

y1 =

{
0, x < 0

x2 x > 0
è y2 =

{
x2, x < 0

0 x > 0
,

òî ýòè ôóíêöèè ëèíåéíî íåçàâèñèìû, íî îïðåäåëèòåëü Âðîíñêîãî òîæ-

äåñòâåííî ðàâåí íóëþ íà R.

Òåîðåìà 9.10. (Î ëèíåéíîé íåçàâèñèìîñòè ðåøåíèé ëèíåéíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ) Äëÿ òîãî ÷òîáû ñèñòåìà ÷àñò-

íûõ ðåøåíèé ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

y1(x), y2(x), . . . , yn(x) (x ∈ (a; b)) áûëà ëèíåéíî íåçàâèñèìîé íåîáõîäè-

ìî è äîñòàòî÷íî, ÷òîáû îïðåäåëèòåëü Âðîíñêîãî äëÿ ýòîé ñèñòåìû

ôóíêöèé íå ðàâíÿëñÿ íóëþ íè â îäíîé òî÷êe èíòåðâàëà (a; b).

Äîêàçàòåëüñòâî. Äîêàæåì òåîðåìó äëÿ ñëó÷àÿ n = 3. Ïóñòü ôóíêöèè

y1(x), y2(x), y3(x) � ëèíåéíî íåçàâèñèìû íà [a; b] è ÿâëÿþòñÿ ðåøåíèÿìè

îäíîðîäíîãî óðàâíåíèÿ L[y] = a3(x)y′′′(x) + a2(x)y′′(x) + a1(x)y′(x) +

a0(x)y(x) = 0. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò òî÷êà x0 ∈ (a; b) , â êîòîðîé

W (x0) = 0:

W (x0) =

∣∣∣∣∣∣∣
y1(x0) y2(x0) y3(x0)

y′1(x0) y′2(x0) y′3(x0)

y2
1(x0) y2

2(x0) y2
3(x0)

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
y10 y20 y30

y′10 y′20 y′30

y2
10 y2

20 y2
30

∣∣∣∣∣∣∣ = 0.

Ðàññìîòðèì ñèñòåìó òðåõ ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé ñ íåèçâåñò-

íûìè λ1, λ2, λ3, êîýôôèöèåíòàìè êîòîðîé ñëóæàò ñòðîêè èç W (x0):
y10λ1 + y20λ2 + y30λ3 = 0

y′10λ1 + y′20λ2 + y′30λ3 = 0

y′′10λ1 + y′′20λ2 + y′′30λ3 = 0

Îïðåäåëèòåëü ýòîé ñèñòåìû ∆ = W (x0) = 0, ñëåäîâàòåëüíî, îíà èìååò

íåíóëåâîå ðåøåíèå λ1, λ2, λ3 . Îáðàçóåì ñ åãî ïîìîùüþ ôóíêöèþ y =
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λ1y1 + λ2y2 + λ3y3. Ôóíêöèÿ y � ðåøåíèå óðàâíåíèÿ L[y] = 0. Òîãäà

y(x0) = λ1y10 + λ2y20 + λ3y30 = 0

y′(x0) = λ1y
′
10 + λ2y

′
20 + λ3y

′
30 = 0

y′′(x0) = λ1y
′′
10 + λ2y

′′
20 + λ3y

′′
30 = 0

.

Òàêèì îáðàçîì, ðåøåíèå y óäîâëåòâîðÿåò íóëåâîé ñèñòåìå íà÷àëüíûõ

óñëîâèé. Íî ýòîé æå ñèñòåìå íà÷àëüíûõ óñëîâèé óäîâëåòâîðÿåò ôóíê-

öèÿ y ≡ 0. Ïî òåîðåìå î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèé ïî-

ëó÷àåì, ÷òî y = λ1y1 + λ2y2 + λ3y3 ≡ 0, íî íå âñå êîýôôèöèåíòû ðàâ-

íû íóëþ. Ïðîòèâîðå÷èå ñ ëèíåéíîé íåçàâèñèìîñòüþ ñèñòåìû ôóíêöèé

y1(x), y2(x), y3(x).

�10. Ëèíåéíûå óðàâíåíèÿ n-ãî ïîðÿäêà ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè.

Ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå n-ãî ïîðÿäêà ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè èìååò âèä

any
(n)(x) + an−1y

(n−1)(x) + . . . + a1y
′(x) + a0y(x) = f(x), (10.1)

ãäå ak (k = 0, 1, 2, . . . , n; an 6= 0) � íåêîòîðûå ÷èñëà, à f(x) � çàäàííàÿ

ôóíêöèÿ. Íå íàðóøàÿ îáùíîñòè ðàññìîòðåíèÿ, ïîñêîëüêó an 6= 0 ìîæíî

ñ÷èòàòü, ÷òî an = 1, òî åñòü ðàçäåëèòü îáå ÷àñòè óðàâíåíèÿ (10.1) íà an.

Åñëè f(x) ≡ 0, òî óðàâíåíèå íàçûâàþò îäíîðîäíûì, â ïðîòèâíîì ñëó-

÷àå � íåîäíîðîäíûì.

Ââåäåì îïåðàòîð L: L[y] = y(n)(x)+an−1y
(n−1)(x)+. . .+a1y

′(x)+a0y(x).

Òîãäà óðàâíåíèå ìîæíî çàïèñàòü â âèäå

L[y] = 0 (îäíîðîäíîå)

L[y] = f(x) (íåîäíîðîäíîå)

Ïîñêîëüêó óðàâíåíèå L[y] = 0 åñòü ÷àñòíûé ñëó÷àé áîëåå îáùåãî óðàâ-

íåíèÿ (9.1), äëÿ íåãî ñïðàâåäëèâû òåîðåìû 9.7 è 9.8 î ñòðóêòóðå îáùåãî

ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïî-
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ðÿäêà, è åãî ðåøåíèå íàõîäèòñÿ êàê ëèíåéíàÿ êîìáèíàöèÿ ñîîòâåòñòâó-

þùèõ ÷àñòíûõ ðåøåíèé. Âèä óðàâíåíèÿ

y(n)(x) + an−1y
(n−1)(x) + . . . + a1y

′(x) + a0y(x) = 0 (10.2)

ïîêàçûâàåò, ÷òî åãî ÷àñòíûå ðåøåíèÿ íóæíî èñêàòü ñðåäè òàêèõ ôóíê-

öèé, êîòîðûå â àëãåáðàè÷åñêîì ñìûñëå ïîäîáíû ñâîèì ïðîèçâîäíûì. Òà-

êèì ñâîéñòâîì îáëàäàåò, â ÷àñòíîñòè, ïîêàçàòåëüíàÿ ôóíêöèÿ. Ïîýòîìó

äëÿ ïîñòðîåíèÿ ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé îäíîðîäíîãî óðàâ-

íåíèÿ ÷àñòíûå ðåøåíèÿ áóäåì èñêàòü â âèäå

y(x) = ekx. (10.3)

Òàê êàê y′ = kekx, y′′ = k2ekx, . . . , y(n) = knekx, òî ïîäñòàâèâ ïðîèçâîä-

íûå â óðàâíåíèå (10.2), ïîëó÷èì

L[y] = knekx + an−1k
n−1ekx + . . . + a1kekx + a0e

kx, èëè

ekx(kn + an−1k
n−1 + a1k + a0) = 0.

Ñîêðàòèâ ïîñëåäíåå âûðàæåíèå íà ekx, ïîëó÷èì õàðàêòåðèñòè÷åñêîå

óðàâíåíèå

kn + an−1k
n−1 + a1k + a0 = 0. (10.4)

Íàõîäèì åãî êîðíè, êîòîðûõ äëÿ óðàâíåíèÿ n-ãî ïîðÿäêà (ñ ó÷åòîì èõ

êðàòíîñòè) áóäåò ðîâíî n : k1, k2, . . . , kn. Èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 10.1. Ôóíêöèÿ y(x) = ekx ÿâëÿåòñÿ ðåøåíèåì ëèíåéíîãî îäíî-

ðîäíîãî óðàâíåíèÿ (10.2) òîãäà è òîëüêî òîãäà, êîãäà ÷èñëî k ÿâëÿåòñÿ

êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (10.4).

Ðàññìîòðèì âñå âîçìîæíûå çíà÷åíèÿ êîðíåé óðàâíåíèÿ (10.4):

I. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (10.4) äåéñòâèòåëüíû è

ðàçëè÷íû. Òîãäà ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ (10.2)

ïðåäñòàâëÿåò ñîáîé íàáîð ýêñïîíåíò ek1x, ek2x, . . . , eknx. Ýòè ðåøåíèÿ ëè-

íåéíî íåçàâèñèìû, (äîêàçàòåëüñòâî ïðîâåäåì äëÿ ñëó÷àÿ n = 3) òàê êàê

W (x0) =

∣∣∣∣∣∣∣
ek1x ek2x ek3x

k1e
k1x k2e

k2x k3e
k3x

k2
1e

k1x k2
2e

k2x k2
3e

k3x

∣∣∣∣∣∣∣ = ek1xek2xek3x

∣∣∣∣∣∣∣
1 1 1

k1 k2 k3

k2
1 k2

2 k2
3

∣∣∣∣∣∣∣ =
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= e(k1+k2+k3)x

∣∣∣∣∣∣∣
1 0 0

k1 k2 − k1 k3 − k1

k2
1 k2

2 − k2
1 k2

3 − k2
1

∣∣∣∣∣∣∣ = e(k1+k2+k3)x

∣∣∣∣∣ k2 − k1 k3 − k1

k2
2 − k2

1 k2
3 − k2

1

∣∣∣∣∣ =

= e(k1+k2+k3)x(k2 − k1)(k3 − k1)

∣∣∣∣∣ 1 1

k2 + k1 k3 + k1

∣∣∣∣∣ =

= e(k1+k2+k3)x(k2 − k1)(k3 − k1)(k3 − k2) 6= 0.

Â ýòîì ñëó÷àå îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

y0 = C1e
kx + C2e

k2x + . . . + Cne
knx. (10.5)

Ïðèìåð 10.1. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ y′′′ − 5y′′ − 24y′ = 0.

Ðåøåíèå . Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå k3− 5k2− 24k = 0.

Îíî èìååò òðè ðàçëè÷íûõ êîðíÿ k1 = 0, k2 = −3, k3 = 8. Ñîîòâåòñòâó-

þùèå ýòèì êîðíÿì ÷àñòíûå ðåøåíèÿ y1 = e0x = 1, y2 = e−3x, y3 = e8x.

Îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä y = C1 + C2e
−3x + C3e

8x.

II. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (10.4) äåéñòâèòåëüíû,

íî óðàâíåíèå èìååò ðàâíûå êîðíè (êîðåíü k1 èìååò êðàòíîñòü r). Ðàñ-

ñìîòðèì ñíà÷àëà ñëó÷àé, êîãäà äëÿ óðàâíåíèÿ (10.4) êðàòíîñòü r èìååò

êîðåíü k1 = 0. Òîãäà õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

kn + an−1k
n−1 + . . . + ark

r = 0,

à ñàìî äèôôåðåíöèàëüíîå óðàâíåíèå

y(n) + an−1y
(n−1) + . . . + ary

(r) = 0,

íå ñîäåðæèò ôóíêöèþ è åå ïðîèçâîäíûå ïîðÿäêà ìåíüøå r. Òàêîìó

óðàâíåíèþ óäîâëåòâîðÿþò âñå ôóíêöèè, ó êîòîðûõ ïðîèçâîäíûå ïî-

ðÿäêà r è âûøå ðàâíû íóëþ. Ýòî óñëîâèå âûïîëíÿåòñÿ äëÿ ôóíêöèé

y1 = 1, y2 = x, . . . , yr = xr−1, êîòîðûå ëèíåéíî íåçàâèñèìû (ìíîãî÷ëåí

C1 + C2x + . . . + Crx
r−1 èìååò íå áîëåå r êîðíåé). Îáùåå ðåøåíèå óðàâ-

íåíèÿ èìååò âèä

y0 = C1 + C2x + . . . + Crx
r−1 + Cre

krx + . . . + Cne
knx (10.6)
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Ìîæíî òàêæå äîêàçàòü, ÷òî åñëè k 6= 0 � êîðåíü õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ êðàòíîñòè r, òî ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíå-

íèÿ (10.2) âìåñòî r ýêñïîíåíò ñ îäèíàêîâûìè ïîêàçàòåëÿìè ñîäåðæèò

ñëåäóþùèå r ëèíåéíî íåçàâèñèìûõ ôóíêöèé:

y1 = ekx, y2 = xekx, . . . , yr = xr−1ekx

è åãî îáùåå ðåøåíèå èìååò âèä:

y0 = (C1 + C2x + . . . + Crx
r−1)ekx + . . . + eknx (10.7)

Ïðèìåð 10.2. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ y(5)− 4y(4) +3y′′′ = 0.

Ðåøåíèå . Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå k5 − 4k2 + 3k3 = 0.

Îíî èìååò êîðíè k1,2,3 = 0 (êðàòíîñòè 3), k4 = 1, k5 = 3. Ñîîò-

âåòñòâóþùèå èì ÷àñòíûå ðåøåíèÿ y1 = e0x = 1, y2 = xe0x = x,

y3 = x2e0x = x2, y4 = ex, y5 = e3x. Îáùåå ðåøåíèå óðàâíåíèÿ èìååò

âèä y = C1 + C2x + C3x
2 + C4e

x + C5e
3x.

III. Åñëè õàðàêòåðèñòè÷åñêîå óðàâíåíèå (10.4) ñ äåéñòâèòåëüíûìè

êîýôôèöèåíòàìè èìååò êîìïëåêñíûé êîðåíü α + iβ, òî êîìïëåêñ-

íî ñîïðÿæåííîå ÷èñëî α − iβ òàêæå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè-

÷åñêîãî óðàâíåíèÿ, è â ôóíäàìåíòàëüíîé ñèñòåìå ðåøåíèé óðàâíå-

íèÿ (10.2) ýòèì êîðíÿì ñîîòâåòñòâóåò ïàðà ôóíêöèé y1 = e(α+iβ)x

è y2 = e(α−iβ)x. Òîãäà ôóíêöèè ỹ1 =
y1 + y2

2 è ỹ2 =
y1 − y2

2i òàê-

æå ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ (10.2). Ïðèìåíèâ ôîðìóëû Ýéëåðà(
cos ϕ = eiϕ + e−iϕ

2 , sin ϕ = eiϕ − e−iϕ

2i

)
, ïîëó÷èì

ỹ1 =
y1 + y2

2 = eαxeiβx + eαxe−iβx

2 = eαx cos βx

ỹ2 =
y1 − y2

2i = eαxeiβx − eαxe−iβx

2i = eαx sin βx
. (10.8)

Ôóíêöèè ỹ1 è ỹ2 ëèíåéíî íåçàâèñèìû è â îáùåì ðåøåíèè óðàâíåíèÿ èì

áóäóò ñîîòâåòñòâîâàòü ñëàãàåìûå

y0 = . . . + (C1 cos βx + C2 sin βx)eαx + . . . (10.9)

Ïðèìåð 10.3. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ y′′′ + 4y′′ + 13y′ = 0.
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Ðåøåíèå . Õàðàêòåðèñòè÷åñêîå óðàâíåíèå k3 + 4k2 + 13k = 0 èìå-

åò òðè êîðíÿ � îäèí äåéñòâèòåëüíûé è ïàðó êîìïëåêñíî-ñîïðÿæåííûõ:

k1 = 0 è k2,3 = −2 ± 3i. Ïîýòîìó îáùåå ðåøåíèå çàïèñûâàåòñÿ â âèäå

y = C1 + (C2 cos 3x + C3 sin 3x)e−2x.

IV. Åñëè æå êîìïëåêñíî-ñîïðÿæåííûå êîðíè âèäà α ± iβ õàðàêòåðè-

ñòè÷åñêîãî óðàâíåíèÿ (10.4) èìåþò êðàòíîñòü r, òî â ôóíäàìåíòàëüíîé

ñèñòåìå óðàâíåíèÿ (10.2) ýòèì êîðíÿì ñîîòâåòñòâóþò ëèíåéíî íåçàâèñè-

ìûå ôóíêöèè:

eαx cos βx xeαx cos βx . . . xr−1eαx cos βx

eαx sin βx xeαx sin βx . . . xr−1eαx sin βx
. (10.10)

à èõ ëèíåéíàÿ êîìáèíàöèÿ (âìåñòå ñ îñòàëüíûìè n−2r ôóíêöèÿìè ôóí-

äàìåíòàëüíîé ñèñòåìû) ñîñòàâèò îáùåå ðåøåíèå óðàâíåíèÿ (10.2).

Ïðèìåð 10.4. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ y(6) +8y(4) +16y′′ = 0.

Ðåøåíèå . Õàðàêòåðèñòè÷åñêîå óðàâíåíèå k6 + 8k4 + 16k2 = 0 èìå-

åò øåñòü êîðíåé � äåéñòâèòåëüíûå k1,2 = 0 è êîìïëåêñíî-ñîïðÿæåííûå

k3,4 = 2i, k5,6 = −2i, êðàòíîñòè 2. Ïîýòîìó îáùåå ðåøåíèå çàïèñûâàåòñÿ

â âèäå y = C1 + C2x + (C3 + C4x) cos 2x + (C5 + C6x) sin 2x.

Âñå ðàññìîòðåííûå âîçìîæíûå ñëó÷àè çíà÷åíèé êîðíåé õàðàêòåðè-

ñòè÷åñêîãî óðàâíåíèÿ ñâåäåì â òàáëèöó.
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Òàáëèöà 1

Âèä îáùèõ ðåøåíèé ëèíåéíûõ îäíîðîäíûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé y(n)(x) + an−1y
(n−1)(x) + . . . + a1y

′(x) + a0y(x) = 0 ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè

Êîðíè õàðàêòåðèñòè-

÷åñêîãî óðàâíåíèÿ

kn + an−1k
n−1 + a1k + a0 = 0

Âèä îáùåãî ðåøåíèÿ

âñå êîðíè õàðàêòåðèñòè÷åñêî-

ãî óðàâíåíèÿ äåéñòâèòåëüíû è

ðàçëè÷íû

y0 = C1e
kx +C2e

k2x+ . . .+Cne
knx

k = 0 � êîðåíü õàðàêòåðèñòè-

÷åñêîãî óðàâíåíèÿ êðàòíîñòè r

y0 = C1 + C2x + . . . + Crx
r−1 +

. . . + Cne
knx

k 6= 0 � êîðåíü õàðàêòåðèñòè-

÷åñêîãî óðàâíåíèÿ êðàòíîñòè r

y0 = (C1 + C2x + . . . +

Crx
r−1)ekx + . . . + Cne

knx

õàðàêòåðèñòè÷åñêîå óðàâ-

íåíèå èìååò êîìïëåêñíî-

ñîïðÿæåííûå êîðíè α± iβ

y0 = . . . + (C1 cos βx +

C2 sin βx)eαx + . . .

õàðàêòåðèñòè÷åñêîå óðàâ-

íåíèå èìååò êîìïëåêñíî-

ñîïðÿæåííûå êîðíè α ± iβ

êðàòíîñòè r

y0 = . . . +
r−1∑
m=0

(C1mxm cos βx +

C2mxm sin βx)eαx + . . .

Çàäàíèå 10.1. Íàéäèòå îáùèå ðåøåíèÿ óðàâíåíèé

à) y′′ + 5y′ − 14y = 0; á) y′′′ − 2y′′ − y′ + 2y = 0.

Çàäàíèå 10.2. Íàéäèòå îáùèå ðåøåíèÿ óðàâíåíèé

à) y′′ − 5y′ − 6y = 0; á) y′′′ − 2y′′ − 5y′ + 6y = 0.

Çàäàíèå 10.3. Íàéäèòå îáùèå ðåøåíèÿ óðàâíåíèé

à) y′′′ − 2y′′ + y′ = 0; á) y(4) − 6y′′′ + 9y′′ = 0.

Çàäàíèå 10.4. Íàéäèòå îáùèå ðåøåíèÿ óðàâíåíèé

à) y′′′ − y′′ − y′ + y = 0; á) y′′′ − 6y′′ + 12y′ − 8y = 0.

Çàäàíèå 10.5. Íàéäèòå îáùèå ðåøåíèÿ óðàâíåíèé
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à) y′′′ − 4y′′ + 20y′ = 0; á) y(4) − 16y = 0.

Çàäàíèå 10.6. Íàéäèòå îáùèå ðåøåíèÿ óðàâíåíèé

à) y′′′ − 3y′′ + 7y′ − 5y = 0; á) y(5) + 8y(4) + 17y′′′ = 0.

�11. Ëèíåéíûå íåîäíîðîäíûå óðàâíåíèÿ n-ãî ïîðÿäêà

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Ïðè ïîñòðîåíèè îáùåãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ y(n)(x) +

an−1y
(n−1)(x) + . . . + a1y

′(x) + a0y(x) = f(x) íàì â ñîîòâåòñòâèè ñ òåîðå-

ìîé 9.8 êðîìå îáùåão ðåøåíèÿ ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ

íåîáõîäèìî íàéòè êàêîå-ëèáî ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ.

Â ñîîòâåòñòâèè ñ òåîðåìîé 9.2 ìû ìîæåì ðàçáèâàòü ïðàâóþ ÷àñòü ëèíåé-

íîãî íåîäíîðîäíîãî óðàâíåíèÿ íà îòäåëüíûå ñëàãàåìûå, íàõîäèòü äëÿ

òàêèõ ïðàâûõ ÷àñòåé ÷àñòíûå ðåøåíèÿ, à çàòåì, ñëîæèâ èõ, ïîëó÷àòü

èñêîìîå ÷àñòíîå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ.

Äëÿ íåêîòîðûõ âèäîâ ôóíêöèè f(x), ñòîÿùåé â ïðàâîé ÷àñòè íåîäíî-

ðîäíîãî óðàâíåíèÿ, ÷àñòíûå ðåøåíèÿ ìîæíî íàõîäèòü ìåòîäîì ïîäáîðà,

çàäàâàÿ ÷àñòíîå ðåøåíèÿ "ïðîáíîé" ôóíêöèåé, íàïðèìåð, â âèäå ìíîãî-

÷ëåíà ñ êîýôôèöèåíòàìè, îïðåäåëÿåìûìè ïðè ïîäñòàíîâêå â óðàâíåíèå,

èëè â âèäå ïîêàçàòåëüíîé èëè òðèãîíîìåòðè÷åñêèõ ôóíêöèé, ïàðàìåòðû

êîòîðûõ òàêæå îïðåäåëÿþòñÿ ïðè èõ ïîäñòàíîâêå â óðàâíåíèå.

Òåîðåìà 11.1. (Î âèäå ÷àñòíîãî ðåøåíèÿ ëèíåéíîãî íåîäíîðîä-

íîãî óðàâíåíèÿ ñî ñïåöèàëüíîé ïðàâîé ÷àñòüþ) Ðåøåíèå ëèíåé-

íîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýô-

ôèöèåíòàìè L[y] = f(x), ãäå f(x) = eαx(Pm(x) cos βx + Ql(x) sin βx)

èìååò âèä y(x) = eαx(P̃k(x) cos βx + Q̃k(x) sin βx)xr, (k = max{m, l}),
r � êðàòíîñòü êîðíÿ α + iβ).

×àñòíûå ñëó÷àè ýòèõ ôóíêöèé, ñîñòàâëÿþùèõ ïðàâûå ÷àñòè ëèíåéíûõ

íåîäíîðîäíûõ óðàâíåíèé, ñîáðàíû â òàáëèöå 2, â êîòîðîé èñïîëüçîâàíû

ñëåäóþùèå îáîçíà÷åíèÿ: Pm(x) è Ql(x) � ìíîãî÷ëåíû ñ çàäàííûìè êî-

ýôôèöèåíòàìè ñòåïåíåé m è l ñîîòâåòñòâåííî; P̃k(x) è Q̃k(x) � ìíîãî-
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÷ëåíû ñòåïåíè k ñ êîýôôèöèåíòàìè, îïðåäåëÿåìûìè ïðè ïîäñòàíîâêå â

óðàâíåíèå (k = max{m, l}).
Â ýòîé æå òàáëèöå äàíû ïðàâèëà ïîäáîðà "ïðîáíîé" ôóíêöèè.

Îïèñàííûé âûøå ìåòîä ïîäáîðà ÷àñòíûõ ðåøåíèé òðåáóåò îñîáîé àê-

êóðàòíîñòè, êîãäà ïðàâàÿ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ ïðåäñòàâëÿåò

ñîáîé ïîêàçàòåëüíóþ èëè òðèãîíîìåòðè÷åñêóþ ôóíêöèþ òèïà ñèíóñ èëè

êîñèíóñ. Ïðè ñîâïàäåíèè êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ñ ñîîò-

âåòñòâóþùèìè ïàðàìåòðàìè ýòèõ ôóíêöèé "ïðîáíóþ" ôóíêöèþ íåîáõî-

äèìî óìíîæàòü íà xr, ïðè÷åì ïîêàçàòåëü ñòåïåíè çàâèñèò îò êðàòíîñòè

ñîîòâåòñòâóþùåãî êîðíÿ.

Òàáëèöà 2

Âèä ÷àñòíûõ ðåøåíèé ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ

y(n)(x) + an−1y
(n−1)(x) + . . . + a1y

′(x) + a0y(x) = f(x) ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè äëÿ ïðàâûõ ÷àñòåé îñîáîãî âèäà
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Âèä ïðàâîé ÷àñòè Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíå-

íèÿ

Âèä ÷àñòíîãî ðå-

øåíèÿ

Pm(x) ×èñëî 0 íå ÿâëÿåòñÿ êîðíåì õàðàê-

òåðèñòè÷åñêîãî óðàâíåíèÿ (òî åñòü

a0 6= 0)

P̃m(x)

×èñëî 0 ÿâëÿåòñÿ êîðíåì õàðàêòåðè-

ñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r

xrP̃k(x)

Pm(x)eαx (α ∈ R) ×èñëî α íå ÿâëÿåòñÿ êîðíåì õàðàê-

òåðèñòè÷åñêîãî óðàâíåíèÿ

P̃m(x)eαx

×èñëî α ÿâëÿåòñÿ êîðíåì õàðàêòå-

ðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r

xrP̃k(x)eαx

Pm(x) cos βx +

Ql(x) sin βx

×èñëî iβ íå ÿâëÿåòñÿ êîðíåì õàðàê-

òåðèñòè÷åñêîãî óðàâíåíèÿ

P̃k(x) cos βx +

Q̃k(x) sin βx

×èñëî iβ ÿâëÿåòñÿ êîðíåì õàðàêòå-

ðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r

xr(P̃k(x) cos βx +

Q̃k(x) sin βx)

eαx(Pm(x) cos βx+

Ql(x) sin βx)

×èñëî α+ iβ íå ÿâëÿåòñÿ êîðíåì õà-

ðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

eαx(P̃k(x) cos βx +

Q̃k(x) sin βx)

×èñëî α + iβ ÿâëÿåòñÿ êîðíåì õà-

ðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàò-

íîñòè r

eαx(P̃k(x) cos βx +

Q̃k(x) sin βx)xr

Ïðèìåð 11.1. Íàéäèòå îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

y′′′ − 6y′′ + 8y′ = 0.

Ðåøåíèå . Õàðàêòåðèñòè÷åñêîå óðàâíåíèå k3 − 6k2 + 8k = 0 èìååò òðè

êîðíÿ k1 = 0, k2 = 2, k3 = 4. Ïîýòîìó îáùåå ðåøåíèå çàïèñûâàåòñÿ â âèäå

y0 = C1 + C2e
2x + C3e

4x.

Ïðèìåð 11.2. Íàéäèòå ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′′ − 6y′′ + 8y′ = (15x− 8)e−x.

Ðåøåíèå . Òàê êàê k = −1 íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ, òî áóäåì èñêàòü ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ â

âèäå y(x) = (Ax+B)e−x. Íàéäåì ïðîèçâîäíûå y′ = Ae−x−(Ax+B)e−x =
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(−Ax−B + A)e−x, y′′ = −Ae−x + (Ax + B −A)e−x = (Ax + B − 2A)e−x,

y′′′ = Ae−x−(Ax+B−2A)e−x = (−Ax−B+3A)e−x. Ïîäñòàâèâ ôóíêöèþ

y(x) è åå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå, ïîëó÷èì óðàâíåíèå

(−Ax−B+3A)e−x−6(Ax+B−2A)e−x+8(−Ax−B+A)e−x = (15x−8)e−x.

Ñîêðàòèì îáå ÷àñòè óðàâíåíèÿ íà e−x è ïðèâåäåì ïîäîáíûå. Èìååì

−15Ax − 15B + 23A = 15x − 8. Ýòî ðàâåíñòâî ïðåâðàùàåòñÿ â òîæ-

äåñòâî, åñëè{
−15A = 15

23A − 15B = 8
èëè

{
A = −1, 8

B = −1
.

Òåïåðü ìîæíî çàïèñàòü èñêîìîå ÷àñòíîå ðåøåíèå y(x) = −(x + 1)e−x.

Ïðèìåð 11.3. Íàéäèòå ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′′ − 6y′′ + 8y′ = 12x2 − 2x + 7.

Ðåøåíèå . Òàê êàê k = 0 ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâ-

íåíèÿ, òî áóäåì èñêàòü ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ â âè-

äå y(x) = (Ax2 + Bx + C)x = Ax3 + Bx2 + Cx. Íàéäåì ïðîèçâîäíûå

y′ = 3Ax2 +2Bx+C, y′′ = 6Ax+2B, y′′′ = 6A. Ïîäñòàâèâ ôóíêöèþ y(x)

è åå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå, ïîëó÷èì óðàâíåíèå

6A−6(6Ax+2B)+8(3Ax2 +2Bx+C) = 12x2−2x+7. Ðàñêðîåì ñêîáêè

è ñîáåðåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x:

8Ax2 +(−36A+16B)x+(6A−12B +8C) = 12x2−2x+7. Ýòî ðàâåíñòâî

ïðåâðàùàåòñÿ â òîæäåñòâî, åñëè
8A = 16

−36A + 16B = −2

6A− 12B + 8C = 7

èëè


A = 0, 5

B = 1

C = 2

Òåïåðü ìîæíî çàïèñàòü ÷àñòíîå ðåøåíèå y(x) = −0, 5x3 + x2 + 2x.

Ïðèìåð 11.4. Íàéäèòå ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′′ − 6y′′ + 8y′ = 17 cos x.

Ðåøåíèå . Òàê êàê k = i íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâ-

íåíèÿ, òî áóäåì èñêàòü ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ â âèäå

y(x) = A cos x + B sin x. Íàéäåì ïðîèçâîäíûå y′ = −A sin x + B cos x,

y′′ = −A cos x−B sin x, y′′′ = A sin x−B cos x. Ïîäñòàâèâ ôóíêöèþ y(x)
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è åå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå, ïîëó÷èì óðàâíåíèå

(A sin x−B cos x−6(−A cos x−B sin x)+8(−A sin x+B cos x) = 17 cos x.

Ðàñêðîåì ñêîáêè è ñîáåðåì êîýôôèöèåíòû ïðè sin x è cos x. Èìååì

(−7A + 6B) sin x + (6A + 7B) cos x = 17 cos x. Ýòî ðàâåíñòâî ïðåâðà-

ùàåòñÿ â òîæäåñòâî, åñëè{
−7A + 6B = 0

6A + 7B = 17
èëè

{
A = 1, 2

B = 1, 4
.

Òåïåðü ìîæíî çàïèñàòü ÷àñòíîå ðåøåíèå y(x) = 1, 2 sin x + 1, 4 cos x.

Ïðèìåð 11.5. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′′′ − 6y′′ + 8y′ = (x + 1)e−x + 17 cos x.

Ðåøåíèå . Â ïðèìåðå 11.1 íàéäåíî îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî

îäíîðîäíîãî óðàâíåíèÿ y0 = C1 + C2e
2x + C3e

4x. Ïðàâóþ ÷àñòü ïðåäñòà-

âèì â âèäå ñóììû äâóõ ôóíêöèé f1(x) = (x + 1)e−x è f2(x) = 17 cos x.

Âîñïîëüçîâàâøèñü òåîðåìîé 9.2 è ðåçóëüòàòàìè ïðèìåðîâ 11.2 è 11.4,

çàïèøåì èñêîìîå ÷àñòíîå ðåøåíèå â âèäå ñóììû íàéäåííûõ ðåøåíèé

y = C1 + C2e
2x + C3e

4x +−(x + 1)e−x + 1, 2 sin x + 1, 4 cos x.

Çàäàíèå 11.1. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′ − 3y′ + 2y = (5− 2x)ex.

Çàäàíèå 11.2. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′ − y′ − y = 2x2 − 8x− 1.

Çàäàíèå 11.3. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′ − y′ − y = (6x− 4)e2x.

Çàäàíèå 11.4. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′ − y′′ − y = 5 cos x.

Çàäàíèå 11.5. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′′ − 3y′′ + 2y′ = 12x2 − 24x− 11.

Çàäàíèå 11.6. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′ + y′ − 6y = 16 cos 2x− 28 sin 2x.

Çàäàíèå 11.7. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′′′ − 2y′′′ + y′′ = 2x2 − 8x− 1.
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Çàäàíèå 11.8. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′′ − 4y′′ − 5y′ = 5x2 + 3x− 7.

Çàäàíèå 11.9. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′ − 6y′ + 8y = (8− 4x)e2x.

Çàäàíèå 11.10. Íàéäèòå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′′ − 2y′ + 5y = 16 cos x− 2 sin x.

�12. Ìåòîä âàðèàöèè ïðîèçâîëüíîé ïîñòîÿíîé ïðè ðåøåíèè

ëèíåéíûõ íåîäíîðîäíûõ óðàâíåíèé.

Ðàññìîòðèì ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè

y(n)(x) + an−1y
(n−1)(x) + . . . + a1y

′(x) + a0y(x) = f(x) (12.1)

(L[y] =
n∑

k=0
an−ky

(n−k) = f(x)).

Ïóñòü y1(x), y2(x), . . . , yn(x) � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé îä-

íîðîäíîãî óðàâíåíèÿ L[y] = 0, è åãî îáùåå ðåøåíèå

y0 = C1y1(x) + C2y2(x) + . . . + Cnyn(x) =
n∑

k=0

Ckyk(x). (12.2)

Îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ áóäåì èñêàòü â âèäå

y(x) =
n∑

k=0

Ck(x)yk(x). (12.3)

×òîáû óáåäèòüñÿ, ÷òî ðåøåíèå â òàêîì âèäå ñóùåñòâóåò, íàéäåì ïðîèç-

âîäíûå è ïîäñòàâèì â óðàâíåíèå.

y′(x) =
n∑

k=0
C ′

k(x)yk(x) +
n∑

k=0
Ck(x)y′k(x).

Ïðè íàõîæäåíèè ïðîèçâîäíûõ ÷èñëî ñëàãàåìûõ â ëåâîé ÷àñòè ðàñòåò â

ãåîìåòðè÷åñêîé ïðîãðåññèè (çíàìåíàòåëü q = 2), ïîýòîìó äëÿ óäîáñòâà

âû÷èñëåíèé ïîëàãàåì ïåðâîå ñëàãàåìîå ðàâíûì íóëþ
n∑

k=0
C ′

k(x)yk(x) = 0.

Òîãäà y′(x) =
n∑

k=0
Ck(x)y′k(x).

37



Íàéäåì âòîðóþ ïðîèçâîäíóþ

y′′(x) =
n∑

k=0
C ′

k(x)y′k(x) +
n∑

k=0
Ck(x)y′′k(x). Ïî òåì æå ñîîáðàæåíèåì ïîëî-

æèì
n∑

k=0
C ′

k(x)y′k(x) = 0 è òîãäà y′′(x) =
n∑

k=0
C ′

k(x)y′k(x).

Íàêîíåö, y(n) =
n∑

k=0
C ′

k(x)y
(n−1)
k (x) +

n∑
k=0

Ck(x)y
(n)
k (x).

Ïîäñòàâèì ôóíêöèþ (12.3) è åå ïðîèçâîäíûå â óðàâíåíèå (12.1), ïîëó÷èì
n∑

k=0
C ′

k(x)y
(n−1)
k (x)

n∑
k=0

Ck(x)L[y(x)] = f(x)

èëè
n∑

k=0
C ′

k(x)y
(n−1)
k (x) = f(x).

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ Ck(x) ïîëó÷èëè ñèñòåìó óðàâíåíèé

n∑
k=0

C ′
k(x)yk(x) = 0

n∑
k=0

C ′
k(x)yk(x) = 0

. . . . . . . . .
n∑

k=0
C ′

k(x)y
(n−1)
k (x) = f(x)

(12.4)

Îïðåäåëèòåëü ýòîé ñèñòåìû W [y1, y2, . . . , yn] 6= 0, òàê êàê ôóíê-

öèè y1(x), y2(x), . . . , yn(x) ëèíåéíî íåçàâèñèìû. Ñèñòåìà èìååò åäèí-

ñòâåííîå ðåøåíèå C ′
1(x), C ′

2(x), . . . , C ′
n(x), ñëåäîâàòåëüíî, è ôóíêöèè

C1(x), C2(x), . . . , Cn(x) îïðåäåëÿþòñÿ îäíîçíà÷íî ñ òî÷íîñòüþ äî êîí-

ñòàíòû. Ïîäñòàâëÿÿ C1(x), C2(x), . . . , Cn(x) â (12.3) íàéäåì îáùåå ðåøå-

íèå óðàâíåíèÿ (12.1).

Çàäàíèå 12.1. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ y′′ + y = tg2 x.

�13. Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé.

Äî ñèõ ïîð ìû îãðàíè÷èâàëèñü èññëåäîâàíèåì îäíîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ äëÿ íåèçâåñòíîé ôóíêöèè è åå ïðîèçâîäíûõ. Íåðåä-

êî â ðåàëüíîñòè äëÿ îïèñàíèÿ ïðîöåññîâ è ÿâëåíèé òðåáóåòñÿ íåñêîëüêî

ôóíêöèé, ÷òî ïðèâîäèò ê ñèñòåìå óðàâíåíèé äëÿ íåñêîëüêèõ íåèçâåñò-
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íûõ ôóíêöèé è èõ ïðîèçâîäíûõ:
F1(x, y1(x), . . . , y

(n1)
1 (x), . . . , ym(x), . . . , y

(nm)
m (x)) = 0

F2(x, y1(x), . . . , y
(n1)
1 (x), . . . , ym(x), . . . , y

(nm)
m (x)) = 0

. . . . . . . . . . . . . . .

Fm(x, y1(x), . . . , y
(n1)
1 (x), . . . , ym(x), . . . , y

(nm)
m (x)) = 0

(13.1)

Íå íàðóøàÿ îáùíîñòè, ìîæíî îãðàíè÷èòüñÿ ðàññìîòðåíèåì ñèñòåì, ñî-

äåðæàùèõ òîëüêî ïåðâûå ïðîèçâîäíûå íåèçâåñòíûõ ôóíêöèé.
F1(x, y1(x), y′1(x), . . . , ym(x), y′m(x)) = 0

F2(x, y1(x), y′1(x), . . . , ym(x), y′m(x)) = 0

. . . . . . . . . . . .

Fm(x, y1(x), y′1(x), . . . , ym(x), y′m(x)) = 0

(13.2)

Ðàçðåøèâ ñèñòåìó óðàâíåíèé (13.2) îòíîñèòåëüíî ïðîèçâîäíûõ, ïîëó÷èì

êàíîíè÷åñêèé âèä ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé:
y′1(x) = F1(x, y1(x), y2(x), . . . , ym(x))

y′2(x) = F2(x, y1(x), y2(x), . . . , ym(x))

. . . . . . . . . . . . . . .

y′m(x) = Fm(x, y1(x), y2(x), . . . , ym(x))

(13.3)

Ïðîáëåìà ïåðåõîäà îò ñèñòåìû óðàâíåíèé (13.2) ê ñèñòåìå (13.3) ñàìà

ïî ñåáå äîñòàòî÷íî ñëîæíàÿ, è åå ðåøåíèå íå âõîäèò â çàäà÷ó òåîðèè

äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ìîæíî ïîëó÷èòü èç îäíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ y(n) = f(x, y, y′, . . . , y(n−1)) ïîðÿäêà n,

ââîäÿ âñïîìîãàòåëüíûå ôóíêöèè. Ïîëîæèì

y1 = y

y2 = y′1 = y′

. . . . . .

yn = y′n−1 = y(n−1)

y(n) = f(x, y1, . . . , yn−1)

(13.4)

Òàêèì îáðàçîì, èç îäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîëó÷èëè ñè-

ñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà.
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Äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ôîðìóëèðóåòñÿ çàäà÷à

Êîøè î íàõîæäåíèè ÷àñòíîãî ðåøåíèÿ k(x) (k = 1, 2, . . . , n) ïî çàäàí-

íûì íà÷àëüíûìè óñëîâèÿìè k(x0) = k0 .

×àñòî â ñèñòåìàõ äèôôåðåíöèàëüíûõ óðàâíåíèé íåçàâèñèìóþ ïåðå-

ìåííóþ îáîçíà÷àþò ÷åðåç t (âðåìÿ).

�14. Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

ïåðâîãî ïîðÿäêà.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó, óðàâíåíèÿ êîòîðîé èìåþò âèä
y′1(t) = a11(t)y1(t) + a12(t)y2(t) + . . . + a1n(t)yn(x) + f1(t)

y′2(t) = a21(t)y1(t) + a22(t)y2(t) + . . . + a2n(t)yn(t) + f2(t)

. . . . . . . . .

y′n(t) = an1(t)y1(t) + an2(t)y2(t) + . . . + ann(t)yn(t) + fn(t)

(14.1)

Ââåäåì âåêòîð-ñòîëáöû ôóíêöèé Y (t) = (yk(t)) è F (t) = (fk(t)), à òàêæå

ìàòðèöó A(t) = (aij(t)). Òîãäà ñèñòåìó óðàâíåíèé (14.1) ìîæíî çàïèñàòü

â ìàòðè÷íîì âèäå

Y ′(t) = A(t)Y (t) + F (t). (14.2)

Äëÿ êðàòêîñòè èñïîëüçóþò ñèìâîëè÷åñêóþ çàïèñü óðàâíåíèÿ òèïà (14.2),

ââîäÿ ëèíåéíûé îïåðàòîð L.

L[Y (t)] = A(t)Y (t) + F (t). (14.3)

Åñëè F (t) ≡ 0, òî ñèñòåìó ëèíåéíûõ óðàâíåíèé (14.2) íàçûâàþò îäíî-

ðîäíîé, â ïðîòèâíîì ñëó÷àå � íåîäíîðîäíîé. Äëÿ îäíîðîäíûõ ñèñòåì

ëèíåéíûõ óðàâíåíèé, òàê æå êàê è äëÿ ëèíåéíûõ îäíîðîäíûõ óðàâíå-

íèé ñïðàâåäëèâû òåîðåìû î ñóììå ðåøåíèé ñèñòåìû, ââîäèòñÿ ïîíÿòèå

ôóíäàìåíòàëüíîé ñèñòåìû êàê íàáîðà ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ

ðåøåíèé ýòîé ñèñòåìû âåêòîð-ñòîëáöîâ (Y (t))k. Ïîñêîëüêó, ñèñòåìà n

ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ìîæåò áûòü ñâåäåíà ê îäíîìó

äèôôåðåíöèàëüíîìó óðàâíåíèþ n-ãî ïîðÿäêà, åå ôóíäàìåíòàëüíàÿ ñè-

ñòåìà äîëæíà ñîäåðæàòü ðîâíî n ëèíåéíî íåçàâèñèìûõ ôóíêöèé.

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû.
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Òåîðåìà 14.1. (Î ñòðóêòóðå îáùåãî ðåøåíèÿ îäíîðîäíîé ñè-

ñòåìû n ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé) Îáùåå ðå-

øåíèå îäíîðîäíîé ñèñòåìû n ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

L[Y (t)] = 0 ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíàöèþ åãî n ëèíåé-

íî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé (ôóíäàìåíòàëüíîé ñèñòåìû). (áåç

äîêàçàòåëüñòâà)

Òåîðåìà 14.2. (Î ñòðóêòóðå îáùåãî ðåøåíèÿ íåîäíîðîäíîé ñè-

ñòåìû n ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé) Îáùåå ðåøå-

íèå íåîäíîðîäíîé ñèñòåìû n ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

L[Y (t)] = F (t) ïðåäñòàâëÿåò ñîáîé ñóììó îáùåãî ðåøåíèÿ (Y (t))0 ñî-

îòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû n ëèíåéíûõ äèôôåðåí-öèàëüíûõ

óðàâíåíèé L[Y (t)] = 0 è ëþáîãî ÷àñòíîãî ðåøåíèÿ (Y (t))÷àñòí íåîäíî-

ðîäíîé ñèñòåìû L[Y (t)] = F (t). (áåç äîêàçàòåëüñòâà)

ßâëÿåòñÿ ëè íåêîòîðûé íàáîð ÷àñòíûõ ðåøåíèé îäíîðîäíîé ñèñòåìû

n ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé � âåêòîð-ñòîëáöîâ (Y (t))k íà

èíòåðâàëå (a; b) ëèíåéíî íåçàâèñèìûì îïðåäåëÿþò, èñïîëüçóÿ îïðåäåëè-

òåëü Âðîíñêîãî äëÿ ñèñòåìû n ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

W =

∣∣∣∣∣∣∣∣∣∣
y11(t) y12(t) . . . y1n(t)

y21(t) y22(t) . . . y2n(t)

. . . . . . . . . . . .

yn1(t) yn2(t) . . . ynn(t)

∣∣∣∣∣∣∣∣∣∣
(14.4)

çäåñü y(t)ij � i-é ýëåìåíò j-ãî âåêòîð-ñòîëáöà (Y (t))j.

Ñïðàâåäëèâa ñëåäóþùàÿ òåîðåìà

Òåîðåìà 14.3. (Î ëèíåéíîé íåçàâèñèìîñòè ðåøåíèé ñèñòåìû n

ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé) Äëÿ òîãî ÷òîáû íàáîð

÷àñòíûõ ðåøåíèé ñèñòåìû n ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Y (t)k (t ∈ (a; b), k = 1, 2, . . . , n) áûë ëèíåéíî íåçàâèñèì íåîáõîäèìî

è äîñòàòî÷íî, ÷òîáû îïðåäåëèòåëü Âðîíñêîãî íå ðàâíÿëñÿ íóëþ íè â

îäíîé òî÷êå èíòåðâàëà (a; b). (áåç äîêàçàòåëüñòâà)

Åñëè èçâåñòíî îáùåå ðåøåíèå îäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíå-

íèé, òî ðåøåíèå íåîäíîðîäíîé ñèñòåìû ìîæíî íàéòè ìåòîäîì âàðèàöèè
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ïîñòîÿííûõ.

�15. Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî

ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Ñèñòåìà ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè èìååò âèä àíàëîãè÷íûé (14.1):
y′1(t) = a11y1(t) + a12y2(t) + . . . + a1nyn(t) + f1(t)

y′2(t) = a21y1(t) + a22y2(t) + . . . + a2nyn(t) + f2(t)

. . . . . . . . .

y′n(t) = an1y1(t) + an2y2(t) + . . . + annyn(t) + fn(t)

(15.1)

à â ìàòðè÷íîé ôîðìå îòëè÷èå îò óðàâíåíèÿ (14.2) òîëüêî â òîì, ÷òî

ìàòðèöà A íå çàâèñèò îò t

Y ′(t) = AY (t) + F (t). (15.2)

Òàê æå êàê è äëÿ ëèíåéíûõ ñèñòåì ñ ïåðåìåííûìè êîýôôèöèåíòàìè,

åñëè F (t) = 0, ñèñòåìó ëèíåéíûõ óðàâíåíèé íàçûâàþò îäíîðîäíîé

Y ′(t) = AY (t), (15.3)

â ïðîòèâíîì ñëó÷àå � íåîäíîðîäíîé

Y ′(t) = AY (t) + F (t). (15.4)

Ðàññìîòðèì ñíà÷àëà îäíîðîäíóþ ñèñòåìó äâóõ óðàâíåíèé ñ äâóìÿ íåèç-

âåñòíûìè {
x′(t) = a11x(t) + a12y(t)

y′(t) = a21x(t) + a22y(t)
(15.5)

Ïðîñòåéøèé ñïîñîá ðåøåíèÿ ñèñòåìû (15.5) � ìåòîä èñêëþ÷åíèÿ íåèç-

âåñòíîé. Ïðîäèôôåðåíöèðóåì ïåðâîå óðàâíåíèå è ïîäñòàâèì ïðîèçâîä-

íóþ y′(t) èç âòîðîãî óðàâíåíèÿ

x′′(t) = a11x
′(t) + a12y

′(t) = a11x
′(t) + a12(a21x(t) + a22y(t)) =

= a11x
′(t) + a12

(
a21x(t) + a22

x′(t)− a11x(t)
a12

)
.
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Äëÿ ôóíêöèè x(t) ïîëó÷èëè îäíîðîäíîå ëèíåéíîå óðàâíåíèå ñ ïîñòîÿí-

íûìè êîýôôèöèåíòàìè

x′′(x)− (a11 + a22)x
′(t) + (a11a22 − a12a21)x(t) = 0. (15.6)

Ðåøàÿ óðàâíåíèå (15.6) íàéäåì ôóíêöèþ x(t), à çàòåì ïîäñòàâèâ åå â

ïåðâîå óðàâíåíèå ñèñòåìû (15.5) íàõîäèì ôóíêöèþ y(t).

Ïðèìåð 15.1. Ðåøèòå ñèñòåìó óðàâíåíèé

{
x′ = x + 2y

y′ = 4x + 3y
.

Ðåøåíèå . Èç ïåðâîãî óðàâíåíèÿ íàéäåì y = x′ − x
2 , ïîäñòàâèì âî âòî-

ðîå x′′ − x′

2 = 4x + 3x′ − x
2 èëè x′′ − 4x′ − 5x = 0. Õàðàêòåðèñòè÷åñêîå

óðàâíåíèå èìååò âèä k2 − 4k − 5 = 0 è åãî êîðíè k1 = −1, k2 = 5.

Òîãäà x(t) = C1e
−t + C2e

5t è y(t) = −C1e
−t + 5C2e

5t − C1e
−t − C2e

5t

2 =

−C1e
−t + 2C2e

5t.

Èòàê ïîëó÷èëè

{
x(t) = C1e

−t + C2e
5t

y(t) = −C1e
−t + 2C2e

5t
.

Ïðèìåð 15.2. Ðåøèòå ñèñòåìó óðàâíåíèé

{
x′ = x− 5y

y′ = 2x− y
.

Ðåøåíèå . Èç ïåðâîãî óðàâíåíèÿ íàéäåì y = −x′ + x
5 , ïîäñòàâèì âî

âòîðîå −x′′ + x′

5 = 2x − −x′ + x
5 èëè x′′ + 9x = 0. Õàðàêòåðèñòè÷åñêîå

óðàâíåíèå èìååò âèä k2 + 9 = 0 è åãî êîðíè k1,2 = ±3i.

Òîãäà x(t) = 5C1 cos 3t + 5C2 sin 3t è

y(t) = 15C1 sin 3t− 15C2 cos 3t + 5C1 cos 3t + 5C2 sin 3t
5 =

= (C1 + 3C2) cos 3t + 5C2 sin 3t.

Èòàê ïîëó÷èëè

{
x(t) = 5C1 cos 3t + 5C2 sin 3t

y(t) = (C1 + 3C2) cos 3t + 5C2 sin 3t
.

Ïðèìåð 15.3. Ðåøèòå ñèñòåìó óðàâíåíèé

{
x′ = x− y

y′ = x + 3y
.

Ðåøåíèå . Èç ïåðâîãî óðàâíåíèÿ íàéäåì y = x−x′, ïîäñòàâèì âî âòîðîå

x′−x′′ = x+3x−3x′ èëè x′′−4x′+4x = 0. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå
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èìååò âèä k2− 4k +4 = 0 è åãî êîðíè k1,2 = 2. Òîãäà x(t) = (C1 +C2t)e
2t

è y(t) = (C1 + C2t)e
2t − (2C1 + 2C2t + C2)e

2t = (−C1 − C2 − c2t)e
2t.

Èòàê ïîëó÷èëè

{
x(t) = (C1 + C2t)e

2t

y(t) = (−C1 − C2 − C2t)e
2t
.

Àíàëîãè÷íî (ìåòîäîì èñêëþ÷åíèÿ íåèçâåñòíûõ ôóíêöèé) ìîæíî ðå-

øèòü îäíîðîäíóþ ñèñòåìó ïðè ïðîèçâîëüíîì ÷èñëå óðàâíåíèé. Ê ñîæà-

ëåíèþ, ïðîöåäóðà èñêëþ÷åíèÿ íåèçâåñòíûõ èç ñèñòåì ñ áîëüøèì ÷èñ-

ëîì óðàâíåíèé (áîëüøå 2) äîâîëüíî ãðîìîçäêà. Îäíàêî ñóùåñòâóåò áîëåå

ïðÿìîé ïóòü ðåøåíèÿ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè.

Àíàëîãè÷íî òîìó, êàê ìû èñêàëè ÷àñòíîå ðåøåíèå ëèíåéíîãî îäíîðîä-

íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè n-

ãî ïîðÿäêà â âèäå y(t) = ekt, ïðåäñòàâèì ðåøåíèå ñèñòåìû óðàâíåíèé

(15.3) â âèäå

Y (t) = Ueλt (15.7)

çäåñü U = (U1, U2, . . . , Un)
T � âåêòîð-ñòîëáåö ïîñòîÿííûõ. Ïîäñòàâèâ

âûðàæåíèå (15.7) â óðàâíåíèå (15.3) è ñîêðàòèâ îáå ÷àñòè ïîëó÷åííîãî

âûðàæåíèÿ íà eλt, ïîëó÷èì àëãåáðàè÷åñêîå óðàâíåíèå äëÿ íàõîæäåíèÿ

âåêòîð-ñòîëáöà U

λU = AU. (15.8)

Ïîëó÷åííîå óðàâíåíèå åñòü íè ÷òî èíîå, êàê óðàâíåíèå äëÿ îïðåäåëåíèÿ

ñîáñòâåííûõ çíà÷åíèé λ è ñîáñòâåííûõ âåêòîðîâ U ìàòðèöû A.

Èç òåîðèè ëèíåéíûõ îïåðàòîðîâ ñëåäóåò, ÷òî äëÿ ìàòðèöû ðàçìåðà

n × n, â îáùåì ñëó÷àå, ñóùåñòâóåò ðîâíî n ñîáñòâåííûõ çíà÷åíèé (ñ

ó÷åòîì èõ êðàòíîñòè) è ñòîëüêî æå ñîáñòâåííûõ âåêòîðîâ. Íàéäÿ ñîá-

ñòâåííûå çíà÷åíèÿ ìàòðèöû (λk, k = 1, 2, . . . , n) èç õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ

|A− λE| = 0, (15.9)

ïîñòðîèì n ðàçëè÷íûõ ñîáñòâåííûõ âåêòîðîâ Uk, êàæäûé èç êîòîðûõ ñî-

îòâåòñòâóåò îïðåäåëåííîìó ñîáñòâåííîìó çíà÷åíèþ. Íàéäåííûå âåêòîð-

ñòîëáöû (eλktUk) ñîñòàâÿò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé îäíîðîä-
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íîé ñèñòåìû ëèíåéíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, ñ

ïîìîùüþ êîòîðîé è ñòðîèòñÿ îáùåå ðåøåíèå ñèñòåìû óðàâíåíèé (15.3):

Y (t) =
n∑

k=1

Cke
λktUk (15.10)

çäåñü ìû ñ÷èòàåì, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ k ðàçëè÷íû.

Åñëè æå êàêîé-ëèáî êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (15.9) ÿâ-

ëÿåòñÿ êðàòíûì (λ1 = λ2 = . . . = λr = k), òî â îáùåì ðåøåíèè (15.10)

âìåñòî r ñëàãàåìûõ, ñîîòâåòñòâóþùèõ ýòèì ñîáñòâåííûì ÷èñëàì, çàïè-

ñûâàåòñÿ ñëåäóþùåå âûðàæåíèå

(Ck1
Uk1

+ tCk2
Uk2

+ . . . + tr−1Ckr
Ukr

)eλkt (15.11)

Äëÿ êàæäîé ïàðû êîìïëåêñíî ñîïðÿæåííûõ ñîáñòâåííûõ çíà÷åíèé λ1,2 =

α± iβ â îáùåì ðåøåíèè (15.10) âìåñòî äâóõ ñîîòâåòñòâóþùèõ êîìïëåêñ-

íûõ ñëàãàåìûõ ìîæíî çàïèñàòü äâà ñëàãàåìûõ, êàæäîå èç êîòîðûõ ïðè

ïîäõîäÿùåé ïàðàìåòðèçàöèè ïàðû êîíñòàíò èíòåãðèðîâàíèÿ C1 è C2 áó-

äåò äåéñòâèòåëüíûì

(C1U 1 + C2U 2)e
αt cos βt + i(C1U 1 − C2U 2)e

αt sin βt (15.12)

Äàííûé ìåòîä ðåøåíèÿ ëåãêî ðåàëèçîâàòü äëÿ ñèñòåìû äâóõ óðàâíåíèé

(15.5), çàïèñàííîé â ìàòðè÷íîì âèäå:

Ïðèìåð 15.4. Ðåøèòå ñèñòåìó óðàâíåíèé

{
x′ = x + 2y

y′ = 4x + 3y
.

Ðåøåíèå . Çàïèøåì ñèñòåìó óðàâíåíèé â ìàòðè÷íîì âèäå(
x′(t)

y′(t)

)
=

(
1 2

3 4

)(
x(t)

y(t)

)
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñèñòåìû èìååò âèä∣∣∣∣∣ 1− λ 2

4 3− λ

∣∣∣∣∣ = λ2 − 4λ− 5 = 0, êîðíè êîòîðîãî λ1 = −1, λ2 = 5.

×àñòíûå ðåøåíèÿ ñèñòåìû çàïèñûâàåì â âèäå(
x(t)

y(t)

)
1

= e−t

(
u11

u12

)
è

(
x(t)

y(t)

)
2

= e−t

(
u11

u12

)
, ãäå êîíñòàí-

òû uij îïðåäåëÿþòñÿ (ñ òî÷íîñòüþ äî ìíîæèòåëÿ) èç ìàòðè÷íîãî óðàâ-

íåíèÿ (A− λE)Y = 0.
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Åñëè λ = −1, òî

(
2 2

3 3

)(
u11

u12

)
= 0 èëè 2u11 + 2u12 = 0 è

U 1 =

(
1

−1

)

Åñëè λ = 5, òî

(
−4 2

4 −2

)(
u21

u22

)
= 0 èëè −4u21 + 2u22 = 0 è

U 2 =

(
1

2

)
.

Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé èìååò âèä{
x1(t) = e−t

y1(t) = −e−t

{
x2(t) = e5t

y2(t) = 2e5t
.

Ñ ïîìîùüþ íàéäåííîé ôóíäàìåíòàëüíîé ñèñòåìû ôóíêöèé çàïèñûâàåì

îáùåå ðåøåíèå (
x(t)

y(t)

)
= C1e

−t

(
1

−1

)
+ C2e

5t

(
1

2

)

Ïðèìåð 15.5. Ðåøèòå ñèñòåìó óðàâíåíèé

{
x′ = x− 5y

y′ = 2x− y
.

Ðåøåíèå . Çàïèøåì ñèñòåìó óðàâíåíèé â ìàòðè÷íîì âèäå(
x′(t)

y′(t)

)
=

(
1 −5

2 −1

)(
x(t)

y(t)

)
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñèñòåìû èìååò âèä∣∣∣∣∣ 1− λ −5

2 −1− λ

∣∣∣∣∣ = λ2 + 9 = 0, êîðíè êîòîðîãî λ1,2 = ±3i.

×àñòíûå ðåøåíèÿ ñèñòåìû çàïèñûâàåì â âèäå(
x(t)

y(t)

)
1

= e−3it

(
u11

u12

)
è

(
x(t)

y(t)

)
1

= e3it

(
u11

u12

)
, ãäå êîí-

ñòàíòû uij îïðåäåëÿþòñÿ (ñ òî÷íîñòüþ äî ìíîæèòåëÿ) èç ìàòðè÷íîãî

óðàâíåíèÿ (A− λE)Y = 0.

Åñëè λ = −3i, òî

(
1 + 3i −5

2 −1 + 3i

)(
u11

u12

)
= 0 èëè

(1 + 3i)u11 − 5u12 = 0 è U 1 =

(
5

1 + 3i

)
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Åñëè λ = 3i, òî

(
1− 3i −5

2 −1− 3i

)(
u21

u22

)
= 0 èëè

(1− 3i)u21 − 5u22 = 0 è U 2 =

(
5

1− 3i

)
.

Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé èìååò âèä

x1(t) = 5e−3it = 5(cos 3t − i sin 3t), x2(t) = 5e3it = 5(cos 3t + i sin 3t),

y1(t) = (1 + 3i)e−3it = (1 + 3i)(cos 3t − i sin 3t) = (cos 3t + 3 sin 3t) +

+i(3 cos 3t − sin 3t), y2(t) = (1 − 3i)e3it = (1 − 3i)(cos 3t + i sin 3t) =

= (cos 3t + 3 sin 3t) + i(−3 cos 3t + sin 3t).

Ïðèìåíèâ ôîðìóëû Ýéëåðà, ïîëó÷èì ôóíäàìåíòàëüíóþ ñèñòåìó ðå-

øåíèé, íå ñîäåðæàùóþ ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî.

x̃1 = x1 + x2
2 = 5 cos 3t, x̃2 = x2 − x1

2i = 5 sin 3t,

ỹ1 =
y1 + y2

2 = cos 3t + 3 sin 3t, ỹ2 =
y1 − y2

2i = 3 cos 3t− sin 3t.

Ñ ïîìîùüþ íàéäåííîé ôóíäàìåíòàëüíîé ñèñòåìû ôóíêöèé çàïèñû-

âàåì îáùåå ðåøåíèå x(t) = 5C1 cos 3t + 5C2 sin 3t, y(t) = C1(cos 3t +

+3 sin 3t) + C2(3 cos 3t− sin 3t) = (C1 + 3C2) cos 3t + (3C1 − C2) sin 3t.

Çàïèøåì ðåøåíèå â ìàòðè÷íîì âèäå(
x(t)

y(t)

)
= cos 3t

(
5C1

C1 + C2

)
+ sin 3t

(
5C2

3C1 − C2

)
.

Ïðèìåð 15.6. Ðåøèòå ñèñòåìó óðàâíåíèé

{
x′ = x− y

y′ = x + 3y
.

Ðåøåíèå . Çàïèøåì ñèñòåìó óðàâíåíèé â ìàòðè÷íîì âèäå(
x′(t)

y′(t)

)
=

(
1 −1

1 3

)(
x(t)

y(t)

)
.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñèñòåìû èìååò âèä∣∣∣∣∣ 1− λ −1

1 3− λ

∣∣∣∣∣ = λ2 − 4λ + 4 = 0, êîðíè êîòîðîãî λ1,2 = 2.

×àñòíûå ðåøåíèÿ ñèñòåìû èùåì â âèäå

x(t) = (A1t + A2)e
2t, y(t) = (B1t + B2)e

2t.

Íàéäåì ïðîèçâîäíûå ýòèõ ôóíêöèé è ïîäñòàâèì â ñèñòåìó äèôôåðåí-

öèàëüíûõ óðàâíåíèé.
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x′(t) = (2A1t + 2A2 + A1)e
2t, y′(t) = (2B1t + 2B2 + B1)e

2t è ïîäñòàâèì â

ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé.{
(2A1t + 2A2 + A1)e

2t = (A1t + A2)e
2t − (B1t + B2)e

2t

(2B1t + 2B2 + B1)e
2t = (A1t + A2)e

2t + 3(B1t + B2)e
2t

.

Ñîêðàòèì óðàâíåíèÿ íà e2x è ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíàêî-

âûõ ñòåïåíÿõ x{
2A1t + 2A2 + A1 = A1t + A2 −B1t−B2

2B1t + 2B2 + B1 = A1t + A2 + 3B1t + 3B2
⇔

A1 + B1 = 0

A1 + A2 + B2 = 0

−A1 −B1 = 0

−A2 −B2 + B1 = 0

⇔

{
B1 = −A1

B2 = −A1 − A2
.

Ïóñòü A1 = C1, A2 = C2, òîãäà B1 = −C1, B2 = −C1 − C1.

Îáùåå ðåøåíèå ñèñòåìû èìååò âèä

x(t) = (C1t + C2)e
2t, y(t) = (−C1t− C1 − C2)e

2t

èëè â ìàòðè÷íîé ôîðìå(
x(t)

y(t)

)
= cos 3t

(
(C1t + C2)e

2t

(−C1t− C1 − C2)e
2t

)
.
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